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Abstract: 

This thE?:s^ drarrih*"^ ft new represent at ion for two-drmensional round region^ 
called Local KotaLlon^l Syitic^JclnGE Lgcb] R^^lationdl S> Fnnif]1.neE arp InCend^d afi 
a cDiiLpdi]Lun to Brady's Sirioochrd Lorsl SyinTEetry Representalion for elongated 
shaprji- An alftojjiKm for computing LH>cal Rotational S>'[n[nftr>' repre£ea]tationE 
al multiple ^cak^ of resolution h^^ Lgiml iuipleni€nled and results of thi^ implc"- 
mcnlition are presErited. Thesfi results sugijefit that LocftI Rotational J5>mJilC- 
Lries pmvEde a mor** robuiilly computablp and pemeplLialty accural* dt^scripliDn 
of round regions than previous propuscd rcpresecktaltonsH 

In tliK toura: of dtvploplnflthLR representation, it has been neceEtwry lo inodify 
the way both Smoothed Local Svmme!ri<^ and Local Rotatioctal S>mm€Lrie5 are 
computed. KLniti Ki^y-scaJe imaEe tmoothin^ proves Ln be hotter than boundary 
BmnoLhinR for Treating rep resell tai j pns at multiple scaled of reflotutlon. because 
il h more robust and It allows (jualitattve c!taiLgLs an repr€senlaLion between 
scaler Se^undly^ It L& proposed that ^ha.pe representdtln^ns at dlflerent sc'alefi of 
rcEolutLon he esplicjtjy relaled, so that inJormation can lie passed betweizn scales 
4nd compulation at each scali? can be kept locaL Such a model for mu|ti-Bc&le 
computation i^ de^Liafare both to alloM EfBcient coinput&lion and lo accurattly 
model human perceptions. 



Thtais Supcrvisorr Dr_ J. Mkhatil Brady 
TIlIg: Senior Research Scientast 



A c k n aw led ge menl-a 

I could never liavePnKhpd thifi worfc without the Jzumfort, aidn and inEpLmLlcin 
oralirge number oEptople. Firsl, and forpmo^t, I would like to thank my id viwr 
Mike Br^dy- WilhoQl. hct JiLtflleclLi^Ll guLdanre e-nd paliem FncourigtmtJU, thi& 
thesii would nevor have been wrUtpji- His LocbHUrttenlhuEiasm for respArch makta 
him a pleasure to work i^'Uhn 

I owe an equ&l, hui ir^orr (EilTuse dtbt oi ^rattiude iq my rrienda Tiround the 
AI La.b^ pailkular \\\^ menibfirs of Iht SKupe l^roup^ Phil ARie, SLe^o Baj-kj. 
D&v^ Hrauno&§, Joti Connell, Hrolt Hf^idp, Jon Kdijld]]. Jean Ponce, Enc S^und, 
Al^h YLi]lle. You've found Lho ll-iwa in n3> theories and j^ivpn me iJtEii for how Ijj 
fis Ihfm- You've bttn aupporlivj^ whf^n resG-trch or life got discourftainft- Many 
of ihe id*"^ We all LiM are cortinion property whose ^^^atl authorship hwi been 
blurred by long converwitioFis achd uaiich beej-r 

Jon Connell and Alan Vutlli^are lo be PEpcually thanked for re^Lding drafli of 
tbia ihesls and finding bu^s thdt 1 would never have bepn able to fiaid niyastlf. 

I would alHj bke to thank Chrh Lindblad and Stolt lones for brineinB up the 
LNOI pnnt^T and thus, allowing me to get high-qualiiy hardniopy of my grey-iH-ftlE 

iniagEis a]jd shape an«-ly»!iH 

Finally, I would like to thank my parents, who have always been thcTP when 

I Ji-5eded them. 



The rest^irch desfriherf in this theiUs was done at the Artilicial IntelliBtnce 
Laboratory of the Maasathusett?. Insiilute of TechiLoloey. Support, tor the Labo- 
ratory's Artificial IntelliK^ncE- rcH^ar^h is provided ip part b^ the AdvanJ:ed Re- 
search Projects AEt^iLcV of the department of Defense under Office oE N-iVal He- 
flean.h tontra<t ^ClOOL4-eO-C-050DH the OfHr^ of \a^al Research under contract 
number NOOOI4-77-C-ni"[Ha. and tlirJ !Syslem Development i-ouEidation, The au- 
thor h alFo ^upporled by the Fannie and Johti Herti Foundation and by the Hell 
L^iboratories GradnaLp ItraG^rch Program for Women. 



Table o( Contents 

Ckapt^r 1: InLradni^lLQn (6-14] 

Chapter 1: Criterifl- fnr a gn™! shapp repyeBenlaLicm [1&-21} 

2-1 InvariacbCe under simple tfinaformatlons , , IK 

2.2 Stftbililj under noise y, h 10 

2-3 AbstFacLiort tcom detail ^n 

2 ^ Sppcid oi cDnhput4il.ion a^fl f^btit:trbe3s 21 

2.5 R^lAt-ive flimilaril>T complexaLy 22 

2.fl Akk, subparts, and other features of shapes , ,,„,r,, , 23 

2.7 Stab][3ty under change oE 3-D vitw -.h-23 

Chaplcr 3: Local ^ymn^etr>' reprcaental ions for shape (25-51) 

3rl The input r^p rese rilaL Lon ^..^..^...^.. ..^..^^^^.j^l.^... .2h 

3-2 3LS defifiittoj] ,,,„3e 

3.3 Proh<pms wHh ths 5LS 31 

3 A LRft definition 33 

3-5 The upiinLiJdLioti problem 40 

^-G Jnin^i and sf'^rnfiiL<kL]an 41 

3.7 Results and synibolk deMiiptioitR r. ,r-,rr,,r-, ,r,, ,, 4S 

3-8 -\ltLMlatLVL-i ,., , ,r,rr .40 

5.y P]^inK Ibe ^LS inthniL^ d^gciierac}' ^^ ^u . .^ l^ . l^.j j l l^ . 4fi 

3.L0 Future work and extensions , , h 51 

Cbapler 4: Compuling local rmtaiionah Ei-minctritra (52-90) 

4 A Overview H 

4.2 Mall]^scate inpul - - - 54 

4.3 Cuirtpuline local rotationai symmetries ,„,r,,,, r,rr,, ,„,,r56 

4-4 rvAluaLinj; regions r 61 

■l-S Building connpctpd refiions 63 

4-6 Non^maxlinum suppression W 

4n7 t^xamplefi of oulpul 66 

4-8 Analysis of the olgorllhm ,- , , , ,r,, 59 

Chapter ^r lEQues Ln fiiriglc-iicale reprei^en l^it ion [91-107} 

5.1 Alternatives to \<Ki\ gymnieuie* 91 

5.2 DuildlriF^ complete iJi^kpc tLcscriptionit x.............. &4 

5.3 Multiple descriptions , ,--,, ,-_-_-,„,„,„,. 99 

5.4 Kegion color , ,..,r., ,..,..,..,..,..,11)3 

Chapl-er fi: MuUi-^calt rcpr^scntntitmB 1109-1E4} 

OrL I'ypes csi '^^W abstractjon -.h^ + ^^^-h^-h^^ + ^-i^^ IIU 

6.2 Relating Males 116 

6.3 Locality of computation h h 110 



6.4 Ijittr-s^ftle communicaLian aJid al tent ion j .. . .j IM 

fi,5 Sumidiry H ■ ,„*,-*... l^l 

Chapter 7: CuJitlttsioji ami fiitisre worl: (IM-13T) 

Hibliograi^hj [l3R^l3l) 

ApF^JiJix: Thecpde [ia2-l55) 



Chapter 1: IrjlroducLjon 

The goal <pf ihia iheftla ia lo dEVcIop ^ f*>n]pij1^i cnodel of how piwpk j-tpr4.-^cnL 
ahape_ People atL^lyzc syJl<or> data, includillB vf^u^l jtOaBcs, inl^i repj'escnlaL]on& 
dF 2-dlmeii^ionat and S-dimtJiiionfll ^ihfLpe?. The5e rep naocital ions can tl]tJi be 
LiBed For jfLiirfina motion plnriMh^, For pracLiral rFMOnlng abouL objecLg and M- 
tJDCLH, ^ind for rcpn^pntlng the n]Oa]]ln^ of nalur&J langHlg^ lorras thai reftr lo 
Dbjetteor loafipprLEof iheshapt of objEctF- The&^ reprfsfnlatiocte an^rompuled 
utreindy quNckly and robustly. Mosl (iXE&unfl Eyslems for rtprcEeniirig shape 4kre 
iL relatively poor malch Ln hiiniancipabililLEs lor re presen tins shape: ihry cariiiol 
be rubtiatly compuLpd for natural sftjpes, nor do thej prodkjtt aci-djrises of shapes 
^hich TTiaich human judgeinenla. 

The ^Larlinj; poini of ihk work la itie Scnonlhfri Lofal ?>mmclry TEpresen- 
latlofL dt^siribcd b> Rrady [1983} atid Brady and Af-arfa [198^}. \ Smoothed 
Local h?ymintitr> reprracnt.alion of a 2-din]cJiiiiona| shape pkks out ihe axes o( 
elariEEilcd reRicin& in ihe shape aaiti pFoducea de-^riptions of these rpgion-^. For 
example^ consider ihe Hrpy-acale camera liiLa£CE oF familiar obje^li tbown in Fig- 
ure ] [lop)- SntooLhEd I oral ftymnietfy reprcsen Lai ions are coiEipuleJ from the 
bound^]^ 6f refiionsr rather ihan directly from the grey^Kale jma£€_ Thu^n in 
order to anaJyiE the "thapw oi these otijetla. we Prat extract the boundaries nf 
regions In ihe imaRe. M ^ho^'n in t'lgute I (boLlom) Figure 2 dhows th? it^es 
found by a SmooLhed Locdl Symmetry analystt of iKesp figures. This analysis r re- 
ales jntuitkvely rca«jnahle representalions for clongal^d or pointed rcgionE such 
a£ the handles of the ipann^r i^rench and ihe tettspoon, the pointed jiws oF the 
wrench, ^^d the maij] axra of the gourd, the pear^ tha Equa^h, and the bowl of 
the teaspoon. Tht figure show^ the axes of thi-ae regions, as well aa other smalkr 
axe^ that will be removed in latEr analysis (see ConjiEll ]3SS). 

Smoothed Locil Symmetry representations of an objsri jran be computsd at 
coarser and finex degrees of resolutionT IhitP capturing both Lhe overall ifhipc o( 
an oh}ef 1 and fine details such a.i edge te>ture. <^'oarBs- resolution ventions of a 
arey-Etale image are obtained by reptaLedl> ^inoolhing the amafle anth a Gaussian 
and s-impling the reeullr The bouTidaries are then eJ-ilranLed from each of thESE 
pro6ressivcl> smoothed versions of the -oriEinal image.' For L^i^krnple, Figure 3 
^hoi^'s the origLh^ and smoothed versions o[ the lemon image^ as well as the 



^ TUiE t« d ^buLgi! ftu^ whnt kf dcBi:nb«d in Br«dy utd Auda (|5P4) wbach wUl b? upl^n^i] m 
nier« detail lalEi . 
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FiEbTT 1-J. Top erty-priJf camtj-n [tikdge? ^r FQ limiliiT ^bjrrt j a djjarjier vmnch (Lnp Irft], a 

^uurd jfclhlddlc i«ft), ^ P^^ ^IhLLuQL ]ef1f. a EV«?p[iri|| |pniLid|r), a hiu^Ii |[u|j T](]|L), 4]|iJ H k^nnn 

(bolU-m riabil Bohnm HdurflirHi^ of rrEfconc in iKc9k (rey-tc*]* tm^^t^ Tt"* bQUndifttf irt 
IcKaUansoFjhwp ctUL^Ed ill iiittn^lCy IcimJ by ite fidp* Bnd«- dfMTLhftd by CjJiiiy (lM3i 





FiguM 1-2- A &incioth^ LoclI Eyirun^try aLbLy£jd of the hiu^sci frcnn f'ljtirt 1-t. Tbr iIlL^L 
Ubc» ut Lbc reginr bonndnri» lrf>m ^hc fniif*- Thf ihiT» liTi?fl art the axtt of Smot^thetl Imcm} 
Syram^Lry rfginr* SpnLjnLhpd L^c J symmetry fTtn^n'^ inclndc f hnp[it*d rtgwDflfijchfifl tht li^bdlc 

f]f Lbc spanner wr?arf> and Lbc FTl^in ^^c^ 4>| |]i^ Rrmrd, U)a»ll, 4IlJ t«&£pooa, dUd &bo ^Qitalnl 

rcgJDnf iDch a» rbt trid nf l]i« |hu wirl L|ir j^wfl of Lb* Bp*Tir*r WT«lclt_ 



hni]nd^TiP!i ohLainMl frnm Ihwf imiR^fb.^ For a shnpi? willy fintr-^ialt lexlurer 
Ihe llne-Brale and cnarjiF-sr ale TPpn^wntnTiniig may be flUAlltalivtly dlfferVnL tor 
example, r]gure 1 iihow^ an im^ge of an oak leal^ ihe region boundance m ihe 
image, and a Smixhlheil Lsxal Symnie^ry aj^a!ysls o! ih& leEif aI lwd sceIe^ pf 
rcsoluLaan, one Finer &nd one coanier- The line-$4^dlf analy^le pkka UJ^ thi^ axca nf 
Iht lobes of the leaf and l.he coai^e-firn]^ ^naEye]-^ picks up the main aKifi ot Lbc 
Icafr which is obscurpd by details al LhB line s^^&ler 

Howev^r^ iiit ^i]]Odlbt(l LoCJtl Syiunictry reprciscnLalion dop^ not provide In- 
tnitively afc^piahl^ analyses for round ivjlons, su^h d£ the k^mon and the round 
ends of Lhe |?ourd, peax, and squash in Fiftnre 1. Furlh^rmoreT aJlhough it pro- 



^ In f^L, th? ^moc^ l>94 LiTf alSymm^TT 4T>ily^P eIiowd in Kh^ure 2 ua* bound cu-i*^ It^ni tUsIllEy 
Fm^Dlbfd vmii^n^crLbc ]In^En^ r^^hrr Lh^rt tfrwn lli« orjg]n ol 5n^ac &L« u^^gc 
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Ftffiirt 1-4. Top- 4 EJ^j-rdcaJc imatr H?f ar oaJi kiT *jid rT^ri.^ bDWJtJaj-Le* cKir^tMl from it by 

iLc a^^t ^Tiflrr EkiHO]n ShLDolJicd Lnf^l Symin^Dt^ anaJyjij cif (||4 JJIiaifc aE a tun ac&l* And 
Al b ctrimK acalt Ttlt Sr^flCAJr eUi.iI>eu fiDL±F tJi^ ixtS of lit lubcn nf Itie Itlf Th* cciTEK-ICkJt 

■PflL yaifl SndiH tKt m^nt axiE off tlie Lfif, wJikIi ■■« ob aut^ by dEiftil n the &fittTt.i:iJt imn^t 



vid« an intfrpretatian of ihe ETidsul the wrLiich Mid the ho^'\ of the tea5j>Don in 
Lermf^ of an ^xU, U cloes not Eaplurf^ ihi^ f&tt thiit ihest re^ion^ cac^ also bt^ d«^ 
scribed ^"^ round. wLlbaul e diELJngulshfdd oxi^. Ptjrtherniore, the SmootEie^E LucaI 
Symme^rj rGprc^ciLtalifjia Is kiiL3(able on such ipgifjris- TheTerDre, 1 propose acont- 
pnnion rcpresttLULiOh. t^JCfl/ iii}iaUorx{At i^j/Fn rr-r ^ ri ca, to reprcHftni- round regions 
In ^-dLnLtTLsional in^^gcfj. Later In thi? thesiEn I will discuBs d^i^ikd criterii for & 
dotid ii^prescntallon of roun^j regions- and Ar^ue Lhal Lucal RotaLional SymEDEtrLfiE 
art: icaOre rdbueily con^putable than Othfr reprcscntaLioni fur round rcgiOFis ^nd 
tnorij cIcHEEly model liutnaci perceptions of ^hApe. 

1 hav*' impltij[]**iitcd ^e1 lilgOrllKm for COmputiTlB Iroca] Rnlatioaa] SymnLELry 
Tf-prcionLatiuJiS. FhgUFe S sho^s the regions that Fuund bv thcj program for \[it 
iinaRe-B in Figure I 'f'he progrim idpntlfip*! Lhc bowl of Ihii LEaipounn Lhci bud J ;tnd 
round lips of tbe Itmonn and th^ round ends oF the spanner, tfic pciir, tim gourdp 
BJld the squash, Ei^ Well i& a few round region"^ of speclral riitL^Jctloch on the apOOJL. 
The prugratn also finds the sninnrish -cut-outt of the v^rcnch and the squarish 
end uf the gourd, all of which are also mor^ ruund than Elongited- These round 
regiQTiE can dl:^ be computed at a variety of iic^les uf resolution- For ^x^mpkr 
FiRure 6 Eho^a ei grey-sf alf imftge of a- ci^&i Ihe reaiun bouiidan^ in Cht Image. 
Bjid Iht Lucal Rotational SyiumetTi" reRton^ compuied fur tbis imafte at a fine 
p:a]e of resolution ajid at a eoarser 5c&k- The cuaj^ic-scalG analysis represents the 
01'era.ll shape of ihe cog as one rocmd reRiun (with d small round region in the 
c^ent»). The flne-seale analysis fin dflth* LEetK of tho tog and the small half-refund 
reg^ions beLW^KML them. 

In the course of developing thi*! rpprpspntation fur round regions. 1 have had 
to re-thinfc various aapecCs of the de&iRn of lutal s^itimetry representalions for 
£hape. My Iro piemen tat ion of Lo*"al Rotational Symmetries uses Image smooth- 
iiiR, rather than boundary smnothinR lo produee reprtseaitatlons of an image at 
multiple iCiles. Thli? change in the smaoLhing method allov^s qualhntive rhangEE 
111 representation between scales and make^ analysis of natural imaReB naorE /o- 
buM, Fiirtheimorej unllkt current ljnp]ementAtlons of Smoothed Local SymlBe* 
tries, analyses al different stales of resolution are cxplicitLy related. Information 
fiuTii 4:oarser scales <^u he u^^d 1-u guids <m^}-^L£ at finer sealer, allo'^'ingthe ?-lgo- 
rithm forcomptst]n6*iymmelrie£ to bcstrktiy lonial. Fitrthern the explicit r&latlon- 
shjps betwpeTi *H:afes could be used TO relate flymholir representaiions at adjacent 
scales and pcrhiipt pn>duce a reprraf^ntftiion o! regions in an image atrosi scales 
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Fiiorf 1-5. LociJ HcrtiUnnnt aymmtlry itbdyns of tin: im^f^a in Figawt } Thu CIiul lin^i ib 

ibc i-f^kn hcmndarbfis found ■□ tK? fincst-EcaLt ^tr-iion nl ihefle hna«£«& Tkt b^iindary of 

rnur»d reaJon tt BtCPWH A^ A iKicLi'r hnr and ^*leclm3 radii frcnn rll? ttJbttr cf Lh^ rECHiD lu llir 
bohndiT^ 4rc alsc^ d^p]AV«d Far ciwmpks fcUJI t*ghj[ia *Jt fnund for tht fcaapqori- ttf bDh^[, tlic 

toand f-rid o! til? Jiandh, and four sm^ll round r*i|i*>ti« in r^Kng froan flOK-tj-il rfSettionfl oci ibc 
bo*h 



pcacd by WLi-kin [1983}. Ttitst idsas coyld also bt appllr^Ho a rt-iniplEmerilatlorL 
ot SmoDlhed Locftl Sjmmttrits- 

A laadin^p iciT th€ r«5l of ih^ thesks IB ^s foLlowa: 



!ti ChapLer 3^ I discuss what piapprties a ^.h^pe rppresenutjon sh^juld have 
ordsr to acfuraltly modG] humAn perceptions. 
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tn Chaplef 3. I review the deflnilion fi>1 a Smoothed LoLal SymTfietry, di^ 

pmblema with i]sinR Smoothed Locil SyinmelrJcs lo deecrihe round rpglons^ 
nnd presenl the definili^nn of a Locj] Rotaliunal l^ycnmctrr- In addilion Lo the 
IncftI eeomeiry of symmeuy regionSnl discuEs Kow to cvilual* regionsH thooEfi 
Lhc>perc«plua]ly btit re^iioni to describe a sh^pe, and jobi disconnected pietcs 
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Ffcahrt 1-6 Top. a iHy-acJd IJfi&E* oF a cmg anJ l]ii; rfiEl&Tl bonrH^^nB jn t3L« UQ^£«. B^t-^m 

of IKoJiitl^n Tfic criaJW-PLjlfl «;alyK» MjJrcacJlt^ th* C-vrraH jKajK ofllL-i tO^ M r]T>t: r^qnd rcfant;, 
^ttTfOF iJl* fint-acJc ftEilv^lP fcndn t]« nniLiU IljIF-TChUhH TtBL4ira Ul \\k^ tOOlli ^ t|^c cug- Oulj- 

»mc nE ihc rciiiDua Lih the tHjctJi jjt kiciltd. b*r*iiK i hf i«iJi aJ^ utaj tlif limii of reuJuLtoh t>f 
tbf cDTTTbt nBflemtEliticiTi. TK« tc-^lh lownM iji« Jti*cr tht^kllianJ ed^f n^f L|it ccg a^ slfcgbU^ 
laj-^et ^mj SO more cJ Lhtm liavi* bfwi fouTtd. 



(jf boundarr to fortn ccmitcctciJ regions 

In Chapter It ] t|iFM-i]fi^ details of th*: iirttilnzincnl^d mu[ti-:?cflk algorithm for 
(^DtnpULinn Loc^l RotjitionB] HymmeLnwi riiiid prcsonLs TfiSulLg of that ;tl6CJ- 
rlthin. Thifi chapter u^nLain^ more detallled dtficritilione of the slgorilhrnt 
UKd to compnte LRS reRions, m well as e:vainples ol progr^un oiJipi]i (.^e<:lion 
4.7|. 

Iji Chapier rS, 1 compare locfl] aynim-ttry ftprt^scntatbojiB lo other shapt xt\3- 
refienlaLiciTi& and di^y^f: iwues in reprwetltmg imaReE at a fi^ed fwale of rts- 
olitL]ciTi- ImporLajii i^-^ues discLissed include: how lo build high'level shapo 
deFrfirtpiionR from iKe raw symmelr] rusions^ ^shv the rppTeBenUtlonal tivslem 
bhoLild allow muttipl? repregentadons for ^oint shaptra in order to be slabic 
and accurately mndel hLimflJi percept LO]]S_ ajid %i'heLher there IS a constr^iint 
ttiit perceptually salient regions have uniforrci or slowly changing color. 

In Ch^ptPF fi, I divusa fasues in rcpresEnl-inj an Image at multiple levels o[ 
reeolutionT comparing the m^^thod 1 i:se ict previous use of multiple-^cale rep- 
Tes^ntA^ions Important issuer [ncludp- alternfttiiHe ways to create representa- 
tions ftt multiple scalos of resolution, how tfl relate rt presentations al different 
^aleE. why exhausliAie toenputation it each Brale E^hnutd b^ ioc^. 

Chapter T is a summary ftnd conclusbon. 

The Appendix contains & listing of the LfSP code uaed m computing LociJ 
Rot^tion^ Symmetries, 



Chapter 2: CnLeria for a gcpod ^hape representation 

Thti ROal of ihia reseanrh is to mode! Lh* WftJ Ihat hmnani rtpre^clil ihtipe. 
When a pt/stm l-xpfc^ al the world, he pronrtsftw Ihp raw visual iind othtr aeneorj 
Input E3<tt*mety quicVly into a form "rt-hlHih allowF? him tu r^a^on abf^ut how to 
it]Li^ratt with ihe world- Rtijresejilatlons of cjbjecla att used for: 

m Inierfreting a wene &ii a sei DFobjH:tH, lrackingth*> positbonsi ind foj-m of thtse 
objcLtE over Itme^ ^nd plan]]L]]e molloiij h&nd moveicienlij eye movem^nls 
in^otving these ohje^te^ 

• Identjtlc^tion imd descriplion o[ objctls and sfenes uHmg natural language; 

• Practical reasoning aboul procas^s and the behavior of objects ii» the world. 

By studying hucntin behavior that ia de|j<]]idtnl on rfprefienUHons of object* and 
Bcejie^, we can mFej" properlies o\ iheiie repfesentation^i. 

1 im bemg deliberately careful to emphasise thai evldenre !Lhni]t how hucnana 
Tepre£¥-]]l ^bapc cart only come frocnbeh&vior dapendtnton thegp representalJOdB. 
ModelliiiE human h^haviw It differtnl fmm b^Llding an ^gorithm to accomplir^h 
ficnne tethnkallj dpilned tadk, such as acrurately delermminft the oneritLthon flf 
pomts on an ohjpcl from the shading nf ths object under soiree particular Itghtlng 
qondiLions. delerTnLnina the 3- dimensional ihapt ol &n oly^l Eroiu one or more 
2-diincnsional vi^wa, repreienting ohjerL^ in terms of a ppt of malhemalkally 
cDhvenient pninilLvcs, e.g, ellipseR- While algorithms fnr doing ^wh tasks well 
may be InterestmR in aj]d of ihemaplves and may serv^ ss inipiralloh tn building 
models <Ff human perct-ptton, ihey are not a solution Ifl ihe pTObkm of modelling 
how humans represenL the world. In modelliiiE human behavior, one must de- 
Lennhhe ntpt only huw lo do the task wtll^ but also psaclly whit tasi humans 
actually do A Rood cJtatnple of the distinction is to con&ider the terms ^elltpse^ 
and "ovar. The mathematical delimtion of "ellipse" reEera to a very specific claca 
o( 2-dimensional shapes This class of shapes is related to^ but distinct from, 
the clasE of ahapfie that thu (informal) Flnfilish words "njvar and ^'efhpse'' re- 
fer lo. While people apply the EngliFh words consistently to natui^ll^ cpccurinR 
phapES^ it ia less dear huw well they can ideiitify lnstance<5 of sh^peti meeting the 
lEiathemaLical dcrmltion. 

In using natural language and in doing j^rttctkal reasoning about the worlds 
people dividE the world up into objects and iiub-Dhjecta and regions of empty 



Epace. ObjDiLL& ^ltc gfCUp4>[l inl^ iiu-ca1l«d natural hindt^ clftSfic^. ur types af ob- 
JEcts^ Euch as h<LiniTit:ni . leases, E«rrHt-i?d i^^dVEiE, prar^^ comcT3^ rcQiid objects ThE 
simplEsL hypothesis ib thai th? stnicturo tif litis clas^ :^fsL?n3 rvAccLs LhE stmcLuFe 
of ihe repFeserLtatlonal sysLetUr That Is^ objecis ^^la^l^ed as the ^^m^ typE of 
obJKt ftT* reprewnted E^Jmilarlyr Hchai people ciMsify obiKti tan be H^ettr]iuncd 
by stui^ying ho^iS natuial laTiguag^ wi>rd& arf applied^ observing how peoplr do 
pr*u:tkBl r^B^onlng, ^nd by direrlly ^tmg p«ap|e trN cl&flRJf^ ohjfcta. Factor* 
H'hifh -SMTH to be important in rla-^ifying ohjecls incJud? eh&p^, color, functional 
propertiei .Tiirh b-i weight and llexibiLit:^, t^tiJc properties such as smnx^ltineej, 
and BO forth. 

This Ihesis will he e^^rl^aaivt^ly cflncem^d with representing ^Ji&pe> primarily 
y-dirriensional shapp. Shape \^ a ^oad place In sLari inveEiiRating object repre- 
Beniat-jonB, IwcaiiEi inany nbjecls can bfi rernRnized by their ^hspe aione, wUhout 
ccnior or other functional inf^]Tmation- I am ^ortmR with 2- dimension a I shapes 
for EPveral reci^ions. Firsts jt is possible to rec47f;nl/.p many 2-diinen^ii^nat qb- 
JECts from ^-dimEnslonal ^'iews or from line drawings without shading, stereo or 
other difFct evIdencE of ^-dimensional shape. This sugges^^ that people ha^e 2- 
d iTnensional or nu^Kicnled 2-dimGnsLDnal rEprcsentations of visual pniafes which 
they can relate to 3-dicnensional shape JiiodeEs. (The 2 1/^D Sketch de'^Hhed 
in MarF [l^^} ie an exaTuple of an au-i^TTientEd 2-diTnErisbonal TPpr^'^ntation-) 
Secondly, pEoplc can rc4.of^ikL^E and de^ribE purely 2-dimens|onal shapes^ !iurh a5 
ivntten l«ttcr«H d^juar^ a]]d trinngl^^i^, ot tli4> siaa[j4^ ^f flat objciitj such as trEE 
IcdVts FinallyH IL Ls likf^ly that i^pr^^iitatiolidl Lr^chniques used Tor describinA 
2-din]C'j]slonal shape pctCf^ptlock ^a]] bu C^Lt^ndcd Lo Lhc S-dimensional case. The 
obj<-ct6 I use as OLamplts were chosen because they have a diatinctLVt shape which 
c^n be wtll-rtpreaH.-nLe<l wltli one Z-djme/L&LOJial black aiid wLiLt picture, e.^- Ha-t 
obj^^ct^ Such as leaves ur ^panlief Wrenfiie:^. tor 4ome of the ^'^amplES Ehown^ 
thlfi n.^trictto}i meaEis that the reader may need iiorue conLext to identify ths ob- 
ject. For e:(aniple, it i? dil!icu]t or impcsslble to identify vegetables and frutts oiit 
of context whhout roLor and ?iie intormation. Information about S-dinhensiojiat 
^hape would a]fln hplp disamhtRuate rertain of the EhapeSr 

In ord«t tCH determine what human representations of ^ape are like^ we need 
to lo^k at how clasi^ineatlon of objects is affected by various types oE changes to 
obJectSf how people de^ribe objectSn w"hat lypw of objecti^ they judge siinilari 
and so forth IFuman judgemenLR and behavior alLow u^ to infer that a shape 



reprewnlation should haVe the follfminB proptrlifs if ]% ]? to accurately model 
human sh^pc roprwentaliflPfi- 

• Jt e^oiild be invarLanl under simple iranfiforETiations [iransl&tion, chanaes in 
siMr ratal ion); 

« It ahould h^ slabl^ under nnaRp; 

« ll should allow arhit-rajy ainountj of detail io he compuEfd and also allow 
abstraction from details- 

• It should l>e fa5i and robu^l; 

• Ite judjempnti* of relative slmilitritT, Us JLidgtmcnts of relativp compkaJty^ 
and iT5 dtscriptbunii of dlffcr^m-f^ hi^lwppn l^AO [ibjeirta should mal^ih anBWctt 
humane: give; 

• It should makL- txplicLt conctpl^ puch as *'aici'' and ^cent.Frs'' which occur In 
human d^friptlons of shapes^ 

« II should rcpreMnt n^omplex nbjecLs in LerniS ofsub-parii and the dncriptlcn^ 

of parts should bt Slabk under ^ttachmccLts 
« U should be stable Ltnd^r chani^e of 3-D vlenpotnL 

SitiiLlaJ" criteria axe an oblifidiory prelate lo most work on Rhap^ rpprescnLatLoJ]. 
Th* pappr la which 1 owe ihe gre&lest intellectual debt ia Marr and Nishihara 
(197&1t althon^h llit way 1 dMde up the problem is not quite cocupalible with 
IhtiJSr Thfiflp cTilerii will be diwusspd in detail in the resi of thct chapter. 

I should nnte thai thib puirtt that dpifl-iled psychological and linguistic work 
would be needed la deit/mine 1 he fine delails orhunjanjudgem^nls and behavior. 
In later chapt^^ra, 1 will potnl out plBX*?s where such evidence mighl be useful In 
rchctlng the ihearies presented In ihie thesis. Zusne [197U) gives a survey of 
rele^-ant psychologitil data. How*^ver, 1 will not presmt much detaikd TormAl 
dalAn bpcauBG thert la nol much formal data that he^rs on the issues considered 
in this Lhesis. There are severaL rea^octs behind ihp lack of Eorti^al datai 

• Most eifistinB formal sy^t^mg for rep rescniineshap^ do a poor job of niodtlfJng 
human capabilities. Thpy rannot, for eKamplen reliably recognife commoii 
houSthold objects Huch as sci^iOrSn hammeniT and pcaj^. Plau^ibi^ theories 
can be di=linj?"Lahed from Inadequate ones on the ba&ls of coarse-scale facls 
about human perctplion^ obiained by Infornjal observation of humaJi behav- 
ioTn liPKuistlc data, and so forth. 



■ Much of Lhf liTeratare is £f>n£cra4>J wklh lasks only t&ngentially r^lal^ to 
icpresenLmg ihe shape of S-dlmoJiSi&nal refiLons, p g. studies ijf the perceived 
fih^pG oF fiubj^cLlv^ contours, lexiiirc pGrcepLionT differences in pcrctptian of 
a shape ai a Eunction nf Inralion in the visual helJ, and perc^plual groupiiig. 

• Evidence from sources Euch B2 ILnjyi^tlr data oficn refiect& [Fictors olher Ltan 
2-diTnen!i]onitl shape. Detailed furmal axiafyEia of such data will bE dilficiill lo 
do until we have developed a luller iheory that includes ptclimcnar^ r^pnsm- 
taLione of 3- dimensional shipe^ color, TurictiQn. and so forthn 

■ IL \e diflirsili 1o design meamneful pMycholoRical psperimenti or jneihods of 
analyzing tinguisdc dala except ^Vilh reference in a preltminiry Lheory whh h 
IE preriap and already an appj-o>Lin]ate maich Ln the fads. Excsiinj; methods 
[or qiaafltifying properties of shaptb (see Zusne IBTO^Hzhaple^Bj are crude and 
iuostly Liinilod to ppljgons or relatively simpit iihapes_ 

• Exp(!rtm«nt3 thfti use more general or more pErcpplually plausible propertiis 
but without precisely defining them are diffkcull to interpret- For exain|j[Er 
the work pr^stJiled in Riederm^n (ujipubl.) is dillicult to relate to hhucs oE 
processlftg real ima^efl hefjtu^e the theory of pcrcEption on which ll t£ based 

is loo ^^LIC. 

The goal of this Ihesis is La develop a thtory of shape representations ^hich 
matches humaih perceptions suEEicieintly well that dctaj|ed experimeiital tEsling 

and refinement is appt-upnaK. 

2.1. Invnt-^nce under timpl^ traiLdforrrjAllons 

The sJEC of an objccl ^nd tls orienLalion ^nd localion in the viBu&l field should 
he represenled independoilly from other features of iKe shape Thig Is needed 
for several reasons. Flrslj huUiin perception? of shape itre Jitable under small 
changEE in sire, Qrientation^ and location. SEcondly, although relative sUe. orien- 
t&Lioii, and locaLJon of objects withlla a Scene or siih-objects within an object can 
bt iinportaiiL in cl^F^ificftlion of ihc sceilt or objEcL, absolute slic. orientation, or 
location of an object m spacp or in the visual field It {generally not importanL. 
Finally, natural lajiguage contains specific terms for describing 3]je, orientation, 
and relative location. Wordi describing rother &5pect^ of shape are largely mdt' 
pendent of changes in these parameter^. All o[ iheBe facts Suggest thitt regaons &re 



r^presenled hy siic^ Dnontatloiii and btiti™ parajnctefs, p]ijs aahape dcKnplion 
which IB invanai]t UJid^f changes in these paraiTltLcra. 

Rcl&tive BLKe, JofailnnT and ontntalion of guh-p^irla wLlhin an c»bje^t or ol 

objects vi'iihm an arrarLEttneau can he extromt^lj amportunt percept^jftlly- For 
example, tht fad ihii tht ends of ihe wings of ach aj^plint are aUached tn ]is 
body is cructa] m identifybie lI fts an p-irplane- AUhoii^h thi: alze and ori^nlfttiori 
of ihe wine& i^laLive to llie Inodj ^an v^ry aompwlial, they must he -^'ithin a fixed 
rftjig« E^r Lhe cbJ^^L ^s a v^hoJe lo loab likt an Eairplane {cfr BrQahs }QS^ and 
Connell 19^5). Similarly, in ordei for a srL oE people to be said i^ he "slandmE 
|j] aatraighl line"", ihtv mu&l meet rriiena on the lotaLion of each permn relative 
lo the n1 her peuple. 

Changes: in the absfllule slat. Location^ and Qrjentati&n of aji objccl or wt of 
ohjwls art rarely impnTiaril tn claiaifyLinft the f>hiM"t or scEne. changes can cwr^ur 
hetwecn dilTtrenl. views of ihe same object, as one movE& closnrr to iti object or 
ihc object ia rot&ied aroucLd iht line of siglil and this does ci&t g^^neralty affwil a 
humkn 3 idenlifiHTai-ion of the object. Further, even frairi a cocigianl vjewpointn two 
d[fl"Ercnl object-^ of tlip flame nalural claaa (e.g. tvi'oo-bje^:tE that woulJ be labelled 
WLllk the same natural language word J ms-j^ differ in siie^ lo*:atlon, and orientation. 
Tilt main exteplitjn Ld ihia ft that some rpcoj^nition and labelling prorraFies are 
Aeusjllve to lapRE difft^rt^ncts tn orlentaiion- For exarikple^ s<tuaTes and diajnonds 
arc dislingyishpd by rhuir orlentalion- AIeo, sonic objetls and scenes are diflicult 
to recognke when upside down- However, Lh^se esfepijon^ ar*" minor tomtJuttd 
to the gener&J patlern of separation of size, locatioji, and orientation from sh^pt! 
properlleSr 

3^3- Staljillly under noise 

Human pcn.eiJilon of objprt ^hape ice]"rts nol to be aifpcLEd Enufih by noise or 
clutter in the visual image. ThEic ate a variety of sources of aosae. First, there 
ma> he clutter or lexturE or colot pattemE in^ on, or around the objerts ihem- 
ttlvesr Secondly, there may be nolap or other types of dpgradation in the vEmal 
Intake ofihesiiecni. This occurs most conspicuously in laboratory Experiments on 
perceptioi] aud in imager, transmitted Ihv media fi"ch as tcle^'iskoi^ 

Haman penrpption of shape aho w^in^. to he reJatively robust in the presonte 
of small impt^rfcttionsin region boundaries. These in^ludp^nnall k^pki two parallel 
boundary curves in&iead ofone^ aud ^ii']all spur^ off ihE Eidos of boundarieSr Siuch 



Lmpprfpctiops nccur in oLilput from tht c-dfit fljidtr u^d in qUt artaJyiieA of Lm&gcs 
and couJd in th^L rf^ntrf^xt he vle^'ed ^ LnJTfating prablenis with tJif edge fintlrr. 
HcmovEi, such impprNction^ also octur In tint dravr-]jiR^ of ohjeciis produced hy 
people and do not ceiu^c dra&tic rhanj^?. in tlie ptrceplion of shapes oE reftif^nfi 
in these drawings. Thus. whEther or not the ed^e fLiider could be Improved, 
ph&pe repiewntation algoriLhms ttubi nol be sensitive to aoch typEs of ^ttiaLI 
i mpEffectioTi P in boundpiriei. Sfnall Inhperfec Lions IT! boundaries i^hould bE notpd 
in deLailed rppreMnlatlon* of ^ ahapUf but Lhey should not be dlowed La cauBc 
larj;e dienhptioiia in the overall rtpniFentatioTi 

3.3. Absitr^fLiufi frurii tIetaiJ 

Thfl re presentations }iu(nai]E cmalc l^±r objp^tFi or Menes seem to illow one 
to represent arbllj-ary atvjount of dt>Lail_ There do not seetn to bt iny classeF: of 
shapes th&l cannot be di^stt^jgui^^d if EuHicienLly det failed prnxefiSEng is done. AL 
Ihe same time, ihe n^prc^Lntallons ^l]ow one to abstratl away dutail when it is 
uniipfj^ary There are a variety of tvpra of detail ihal need to bo abstracted 
away from: 

■ Fsa-tures and noi^ much smaller than th^ ovcral] ^b&pe of u region; 

■ Teicture covering a Kglojii 

* C[utt€r of approjfiTTiately Ih^ same sice ai the nzEion, such as an internal color 
bDundaxy diinidinft * region into tivo pleats. 

When people itbsirdcl away detail, the abstracted rcprracritatjons mfl.^ bf 
qtitUitotively dtffercnt froEu the detailed lep re-Ten lations. Good ^^amples of this 
occtir in practical reaaonEng. R-ca^onm^ abouL the behavior of a complex obJEci 
IS often done by reasonliiB abuui an absLracled representation of Lhe object. For 
e^Fimpfe. a dnrtaEltrd rtprcsLinlation of a inanimock Is that it LS a regular inegh of 
rnrdfl. An abstracted rcprticuLatiun of a. hammock might be thai Lt is a thin 
sheet- Usiofl Ihe flat sheet reprefientatjoiij puople can reason about the behavior 
oFa hammflrk imder applied forces such a£ a person lying on il- Reasoning about 
the behavior nf a hammock dircttly from thp physjct of the meah repress cktatjon 
is inuth more dilfiCLilt. ptxjple who are quitp f&miliar i^'ilh a hacnmock and can 
easily predict fl^ overall behavior ma> be unable in explain how tbu iiiEish succEeds 
iTi gtaying Liniform and locally planar ai^d Vhhy Lhe me^h does not loo^n up and 
ciEaLc big hoj^. 



Wli*"Ti wi DbSttt h&B both artlatlvtJy delaik-d repr^^^niation an J *Ln dbstracLEd 
wpreaentBhtian, thew rcprMentitl<*nB setm \o be related- That iE^ ToaiLireE in one 
T^presenLatioJi ire mitj^hed WJth the COiregpcndlTlR fealurcs [if anv) [n the otht^r 
lEprcsciiLat-ion^ so thai fo^l? d^ducpd about cMio re|aTC^n latiofi can be converted 
Ijild TaclA about ihe other rtpres^nLation- 

2.4. Spetd of iTornpulatian aT\A rE>bii£itiii-:^& 

Hajnans coinpnip roprespnlaLitms of visual images, incJuriina ibe Dbjerts In 
them, eslreniely cjuickly. The conipuiatioft that i^ rionf lnvofves some choLcc of 
how much delail is tQ be reprcbcntEd fof each pari of the scene, dependini" Dit 
the goafs of the obs4:rt'er. Compulalion of reprPEEnlaLianB of CofiLniOJi otjecta 
in ffufbciPTii detail to rccogniit therrij including rhoice of appropriate nmounti^ 
of delail ai»d and the retognltion protest it-*teir ran be done oxlrtinely foil fiilld 
robustiyr Pr&rljca] rea^onln^ ^hout common ohjpcLE can also be doJic rapldlv. 
ThiE inipliEE the followLi]g facts: 

■ III order Eor compulation uj befoul, daudep<^ndf r*cif 5 durinii the compuLalion 
must be local, Othprv^iE* compiitatjoii of shape dfSHrriptions would s\o^' dowii 
more than linearly on large or com|>lex imager, 

* There cannot N more than a ftw alternative repTeflentations computtid fof 

any given ehape. OthervFis^^ reasoriing that nses thpsf> reprcsentatLonsi in- 

cliiding identification of ohj«-lH. would slow down draatirally on certain types 
of ■shape'i- 

I should note that 1 am nol worr>tn£ here about -small changes in pFoccssing 
speed of the sort that might takp detailed e_-< pel Linen latlOFT to di'irover. Rather, I 
am worried about the 5flvpral order of niagnitLide slowdown in proceasing circles 
relative to proc^PssinE squares that would orcLir if circles lAert: g'^^^ ^ maiij" 
repreE^ntations as they havedlamelei^ but squares were gj^tj] onereprestntatjon- 
Or, to take another e:iampkT ther^ would be ;t drastic slowdown on large and 
coLnplo^i imagi*^ if proceEsifiR time &re^ math faster iha^n linearly in the Eiie 
and <omplexlt^ of the input image. Such diffeiences in prnceEfiing time would 
be blatantly obvious to ciaual observation and do not eccm to citcur In human 
procefiEkng of visuai Input. 



2.5. Relative eimilarityj ^-ompl^xHy 

The reprcEenl&lifln shtjuld he 5UbJe under deformations thai sttm "^WiiJior^ 
to people or whirh fieem to huve minor effe^rts *>n practkaJ reftsoning about ob- 
jecLe. The relalEvc sfcTiLlLarLt^ of the reprcsenLEtiDiis of two ohfpci^ Fhrtuld ITlBlch 
humiiJi jud^cinccbLs o[ Ificir relitivc siTnLl^yiLy Thf^ dilTprences b^LweeT* the rep- 
T^bCTlt^tions oE LwD obJEcL& should niiiLclL human dcscriptinnB of Lhclr difEer^nces. 
One aspect of iriatchLng human simclariLy juJgemcnta is l.haL there i^hould not be 
Eud^Lci changes in represent alioch m the middlt of what humans Judge to be a 
contLCLQUus sinoulh V^rcathuu ed shape (ittabilit^') 

Ev]denf:e aboul human similarity jiidRmeTitg can be obtained by direct quGs- 
tioningoT by examlnlnRwh^t wordf> are used io describe difierent lype^of objrtls 
[cf, Lflbov I9?a)- Another >vay to get evidence on human gimilarit> (udeements 
Is tn aburve *hat lypes of object^ people pspect to behave similarly in practical 
Tsa-roninn aboul objects and aclion^- Tvpes of objects Ihat people espect lo be- 
have similarly should be iFpresenled similarly- For e^ampte, to a human observer^ 
It la obviouE that a hei^agonal pencil rotHd either roll and ^lide, depending on the 
circumst&nccE- RollinR &nd sjidins invol^ve very dilTerenl aspects of the 5hape of 
the pencil: ToltinR requiiea that the croaa-sertion hp *clow" lo circular and sliding 
requires that the pencil ha\e a side that is *clo&e'' to flat Thus, a pencil ahoutd 
have Ekj^ftpe repreatiltatkin which is similar both to a cylinder and to a HaL-sided 
DbjeCL^ Or 4>l^ two reptescntatjons capturing thes? dcstiTict views of the pencilV 
fibape. 

In addition, relative complexity of the repre-wntations of t^^'o objects should 
match human jiidgements of their relative romplesity. For e]{ample, atjppoac 
that the represpntaiional system measures romple^tlty oT shapes by counting the 
number of elongatpd and round reftion-s in the representation and suppose? th^t 
this h the corrt-cL measLjre of shape complexity for deiermining how long it t^c^ 
to reaEoti about objecis of Various shapes. In that ca^p, circles COUJd not have 
tegiOTL t^prtseiht±ittoti±<Jxplkltly tomputcd Eor LiiEiniLEly tnajiyorcyen a very large 
liuinbct of the possible aXc» C^f tht circle. Jf cireles were EiVen a ccmplicAled 
rcpiL^rtitatlon invulving lar^e hambens of a^fe^. whereat rectangles and ellipjie^ 
have only one sa]i*>nt axis and an airpf^Jie only maybe 5-10, this "^ould kinply 
that circles are draEticaUy more complicaLed perrepLually than the Other Jlgurt^. 
That Ls, circles would seeiH mure much cocnplic^Led to humanE and ^'ould takp 
longH^f to reasc^n about. This does not seerE^ to be the caae. If other measures of 



ctHTiplexity arc used, similar argutntnl^ apply. Tnulftti-i irnimndiF:- 

Z.G. Axos, i^ubp^rls, and other features of fthnpp^ 

People usEi iLXGs iuid widthit lo dr^jibr rlui]gdte<t sh^pes^ 4:«nU:r$ and radtl Id 
dtstrlbe jTjujid sliapta. They sctm to Kave tiear inlultlons as tc? wher^ cent^]^ 
bjiij iiXG±i lie. Thig Unpljea ihat these If^ture^ of shapes are psj'^hologirally reA^ 
People refer to a region and ifj boundary^ eKplicilly n^ogiii^inR bnlh &nd relaLmR 
tbem t^j each olher. Thus, a model of htnw humans repre^enr p]l&p^^ &hi:ii]Jd make 
th(!&e i^olloiis explicit and its use of them should B.gi^ with hiiTnan ji]dH^"i^"^^- 

People de.scribe coinpfe:( shapes in lerms nf suhpadj which art adjoined nr 
cut out of each other. This implies that the prpTewnia Lions should bcnSd ctin]ploi 
^hapf^ out of simplf^r ot\ps and thai the EubparL^ pobtulatcd i^hould Agree hvlth 
human judgeinent^ about suhparLs The rcpresentatLunfi ptoplc uae ^e^m to be 
relatively stabJe und^r attachment of other ohj^cU to th*> ohj^^cL beina dtiscribed. 
For exajnplei the h&ndl^'^ of a knift. Fork, and spoon from the £aiT]e silverware 
pattern will he perc^i^^d a? ^imilarr deEpite the Extrenic^ly different hutantiHi ends 
attached to theni. Ho* niuch the re-prescjitatiun of a region is duirupted by 
attached part--^ seeme to be a function DrhdW much oT the bauiidaty of the region 
h disrupted and which fi^turte of the bc»ujidary are de^Lroyed. 

2.7, Stability tmdpr rh^nRP of 3-0 \\^w 

The world we live in e£ 3-dimengiona! and some of oursenpori' da1flL*"-g lactife 
datat dirm.ll> relltxt 3"dimenslOTial silUfltionil. HowevFr, the ETna^es received by 
the visual sjslem are 2-dimen-^ionfll.wiih pp-rtial mfarmatLon dbouL turCatc orlt^- 
tatioji added by stereo matching and shapp froTn sh^in^ A given J-diJiicjiilotial 
Acene Cc^n g^n^ratf^ e?:treTneJ> variable 2-diineEisioiia] Jirjages, depending on ihe 
direction from which the srene Ls viewed. Changf^E Lo iUi tmage which depend on 
v]eu'point include: 

• smooth d^farmation of reftioRF due to rot li Lion; 

• qualitative charijce<? in the &hape of nbjfirtA due to notation; 

• occlusion^ Inciluiliiin peU-occlusiodH 



A liuman? ^bilily lo rwognize obje^'ls and to relate visual informalion to 3- 
dimensional m*>d^lK of phj^ctE seFm? to be able to irompen^ate for some lypts dI" 
cha-Tifies in vtpv^, particularly smooLh defoFrnfttjoriK- Oth^r types of cbangtfi Ji]iilie 
\[\i.' ^bjCi^l d]R](;uLt io idenliry^ jj^tkulkj-jy qu^JElaLivc changes in shape, ^urh a^ 
tlhc difl^rfbuc b^tw^^n ati tJid vltw aiid a sidij View of a boLllE, In adJilion. 
K\\t hiJtT]an viguat i^yst^^nh seoms io be ^blc lo cc^mpsnEiLt For chanRcs tn the 
3-dlinen3ional accne Ita^lf, Including dilTcrencea iii shadowsi and shading due Ln 
changes in light ing. 

In ihis thesis, 1 ivlil avoid the dlficull questions conternit^g iho relationships 
bttw^en ^^dimenslona] triodels or augcn^nled 2-dinieiL&Eu}ia] modeEs (cf. Marr 
\5t^'i] of vhual Irenes and 3-dimensional models of objects ai]d se4>ei^ b^ only 
considering 2-dimen?]onal shapeSr The ohjeniis used J[l eKarijpl^ were chosen 
sp^iRrall^ so thai the shape of the object could be well represented by a ^iiigle 2- 
dinieneional vie^-. Some tfl-re was Taken in photographing objetts to ivoid shadow 
aJid orcbisioRr allhough hoth fpfoct^ do ncrur m our dala 



Chapter 3: Local Symmelrv Represtntbliohj^ for Slicip^f 

Tins chapter reviews the Smoothed Local Symmelry represenifttion fcpr efon- 

g;ited reejons and presenls the new Li>cal Hfllfttlrfnal Syinmetij representation for 
round region?- The primitive Eeaturep eslr^cLsd frnin an ImaRE are the bouniiaries 
frhere sharp intensity rhangra ocrur- Lac&l Ej'mmELrj repreEsnlaLlons oFshFtpps 
are defined on the-w bound&rie?. SmnoLhed Ldc^J Symmelries provide Intuitive 
descriptions of elongated re|;]onK. Ho^eVEr^ iheV do itot pttJVhde liLtuLli^Lly plaii- 
flibte representatian^ for round reRkons. Th^y ^te also dcgcji^ratt* and unat&ble 
on these regional. Therer^re, ^ companlDn rcprrai] n tat luIi Eor r^tllid r^lons lb 
ref|uiredr 

3.1. Tht luput represeutalioD 

A blank-and-while camera iuiaRe of a real liarld scene conaisls of grey-lcvel 
vblue^ for aW points in a hounded region of 2'spare_ In human \-i^u^\ proceasinR. 

"Ullages are interpreted as being compHMed of i^onnectEd regions in which the Rrev 
level chan^e"^ nnly gr^dnall^i, together wkh a FkniLc act df bnjuiadarv mrv^ acrrKs 
v^hich the grey-le>e] changefi rapid1>. LLkevhibe, rE>Eioii£ oE 3-sp[ice and curves (e.g. 

boundary rurve^) seem tn bp represenLed in Lernia uf regions o1 graduki cliangt 
and boiiniilaTieg where there is a aharp chaji^e. [Cf. Blake ISaSa ajid 19S3b, 
.Mada and Brad^ lOM, Ponce and Btifty JWic, Orlmwn and Pavlidls I5S5,] 
Loc&l symmetry TeprEMjniiLiona, as well aa many otKer shape represent-alionSn are 
defined on ihesF boundaries oT sharp inteiuiiLy change. Note that representation 
of spare to a finite degree of resolution In term?i of connected -^t-? a-nd a finite wl 
of bciLindaries is analoj^Du^ to the representatLuns of time and qualitative spare? 
userf in Forbui (l9S4) and Allen [I98fl)- The general idea used in boih vision 
and practical reaicfninfi ^vork is that an infinitely dense reality can be represented 
by a set of rcgiona where change Is SFnJ>nlh or continuouii and ^ set of interestini 
boundary poirttfe where change i^ abrupt- 

ll is possible that other fpaLures of a grev-tcale image besides boundary k>- 
cacions might be used in shape description. Ths edge linder I use [Canny IMS) 
find^ bnundariea by detectiJig ptaki en a fir&t'derlvative operator convolved ^'ith 
the image This anaOUnta to detecting M ro-c rOJi:^! ngs of * second-dpriva^ivp opera- 
U>t, Peaks In the output of a secnnd-derivativp nperator have aliio been proposed 
a^ features for analysing irpages. Watt and Morgan (to apptor) argue thai a 



representalion For chui^^ \n intensity b^ised on second-dtriv&tlve pt^ks jn mc^re 

robust than on« ba^jed on ^A^r^nd-d^^rTv^tlv^ zcr^^rcHattngc. Mayhew and FiiEby 
flOfll) presflnt e^idente froiT] slereo thai second^derlvalivt ptaks is well as zero- 
crosaingt axe used Crowley (IQB?) alao u^se peaks, r&lher than zero-i rosGiiigs 

Ld del^l rEF^ions and edftca in Rrey-sc^p impj^fs. ]n tdditlOIlT coloj" &f reftluJii 
scemE Lo be useful in &orL]ris ^^"1 inLuiiive loc&l gymuielriH Trom uninlLihlvooiLes, 
iKough itie d^-Uils of ikOW tht£ is t^ be done arv noL well-UTideT^loind [gee hplow. 
Chapter 5, Se^ lion 4). 

The Rrey-5c&le input tc? the shftpe desTTiptwn system is digltlicd, ^ Thai a 
atttOfi it described by a discrete ajray af pi^cels. The QUtput of Canny ^S edge Hnder 
is an array DraimiJarswe tn vfhich each poailion ]^ marked ftS to whether Lher<' is ^] 
edge Lhere and^ irsa^ what Lhe orientation artheedjie i^^ Th^ moftt StraightfoJ-^i rd 
Way lo ihink abnul edfiB *^pojnt^" is ^ smaLI intervftb, since they have not only 
a lucalioh bill abt] ^n DncntallDii, The boundary af iL r^Rion is rsprefvnted by 
a isciriL^ of edgt "^poinis^ thai art connected in the Is-diTFiension ftl amy. Eath 
edge "poEnT (or IhlerVal] =hoLild be thoughL of as an interval oveilapping Tbt 
neighboring interVaEs in the curVe. In Ihip way, the set erf edgf "^potnla^ WJlh 
oricniationt i^ a di&crctt rcpr^cnlAlitin for a connected curver 



3. a. SLS defluitiDu 

The Smoothed Local SymmelTy {SF.S) represenl Alton f-5r elongated shapes 
(Brady 1^93, Brady and A^wida l«Wl, Heide l^M, Connelt 1985) IS based on 
the notion of a local E^'mir^etTy between two boundary points. Two boundary 
points A and B (see b^rc T) are $aid to havp ?. locd] (reflectional) synmSLtry' 
if the angle between the line AB and the outward normal at A IS lhe same a^ 
the anfile between AB and th*^ outward norm&l at B- The symmetry center fC) 
for such a pair of pointii is the midpoint of AB Another way to describe this 
situation is that the boundary around A ^id the bonnrlary around B ^re loralLy 
reflection ally gymmctriL about tht porpei]dLculaj btMrtor o( AB - In an elongated 



ii\\3 \yp^ ollorAl ?-yniin<ilry Trcrni ^ local rotBCiinn^l H^in rii^trieti ° wLj^b 1 wdJ dcBnc I^etid lIih 

cliipLcr I will ii« Lilt Crfin 'lnrn| jyin n>rtrir^" I^Tffrr t^i IwMl typi^ of tyniinttrLtti j4>LJi[]y 

^ Mm-t pj-cciKtIjj in an inEiiift*!^ ^ctuk dMcnptinn, tlir- t«ip;ontE ar* rtfl^^tJOlLi &f ihe aireLlicr 
AIL J 1]ld^ llif tjLJtJ ad^^LC^ appjrudcfi being rcflcclaDni r^ ont ziDath^r iLi: f^r^ COTlPkd^Tf ^Dialler UlJ 

Hm&L1«r Leigli bChTliOCnl^ Uf t]i« piJLnia A ^Hd B If buu ehJ zltlc^ dst rcprcHntcJ wilU a diEJTfte 

B^ of mc^rv^B^ ].(. ]cicb^kpaa wjtli or^^Jit^iiubfr, tbrb d^u uitcrv^U A on J B wpt| hi^v^ ^ local 



rtR^OJli A polfit on one side of the rPEioci anJ ihe point whivh ia perceived a£ iK^ing 
d^^ec^Ly t>ppOS]te il on the nther side will have 3 loc&l Tflflpclional symm^tr>' blld 
th* midpoint of ihe lin*" joininR Lhe iwo point?, vrlll lie on the penusivtd axis oE 
Ibt region, Currenl irnplcmentallons of .^mooched Local Syminclrlea also place 
cDAStrftints rni lhe color af iKf regions to both sides of Lhc boujidarle^ involved in a 
l«Ei] liymmetry- Since th<* form o( the r*>n^tr*iiit used in turrtnt implementaiions 
seems to he perceptually Incorrect BJid il is uncl4>kr whai u more correct stal^mcnL 
of lh« conslrainL vnoLild be. 1 de(er diflf^isEion uf it lo Chapter Sr 




FiflTiTt ^^1 SLE Geometry A ind B ^r siiJ id h^ye 4 Irnzal [n^il oct]t>Ti^() ^inmcir> iT til* ^n^J* 
f bttw^n iJic -juDh^ih] bormaLai A arH thf- Unc AB lu Lt* iFicii? *? ilio argi* btiwecn llii; uutward 
Bonnal aL B anJ AB Th* midpoLiI of Ait, C^ u iLc jyihi]iglr> <gjitnr frr A arnJ B. 



A Su]0othed Local Symmetry rfglon {SLS reason) Is furled by grouping Inral 
rtflKtional symmeiry pair^ and their centers into conceded curvesr^ Thus^ there 
*re two curves of boundiry points, each containing one point from each Kymmdtrj" 
pair, that Eonn lhe 5i"d*i of the gyrnmelry rcEion. The ^-entej^ oF Uit symmetry 



^itiin^try if Tk^lr aorm^V w^ infFcatJiDl^ cloflf to bfjn^ r(1lcfMf>[u nf duc ^Jiothtr 
= TllU. v*raoT> 4>| llir d*fi]LEHotifl li a Te^ork^d v^irinr erf Lb« de&jihLLr]lib rcmnrl FP Hradi^ (1^*4^). 
Eraily *nJ A=aJ^ (l^ft^li Beide 11964). t'ocinrll (|i^B5| Wliik thr reprcwniaiPDni 4JctLing*led 

prwluct iL^ee r*^f*rpi?lii^iii are raLJiET rlLffcKliC TfliP dw^riptunn aU^ jLuDJ-itDl Bwgy FrOFTl 

JciaLiti of tbe dS'^Qral aiDplcin^ELtalaDii^ of dg^^nilLiDa for r^rn put it^s I^k^L ^^ n^Jii^LrL^^. 



paltfi form the ass* of th* symmelTj region. Thit Ectifi corrwpcmds well with 
tht pBTceivefi fljw of the rCEion_ The Ifne segrrjojaLs comiEcting correspMidmE 
p^Lr? trf Bynimptry [wints are calkd ihe nfij of ihe region and the IprigTh of ;i rib 
measures Lhe local i^idLh of ihe region. The twD-diniensJtHnal regioi] covered hy the 
symmetry region is iheujiian of allof thn* ribs or, alternatively, the rrgion hoimded 
by the two side* and the first and last ribe. Fifimr 2 ^hows ihe boujuJiries, region 
cD^'ered, i}cigj and seltcl^d ribe for one symmclry region- The symmctriea In a 
Smoath^^d Lotal Symmttrj' region muat progre^g in a ron^lstent dlretLlon along 
theaxie. Thai is. ihe rtglon cajinol doijblf batfc oti itself, aB iljufltrated Iti Figure 3, 
The raw deniripLion^ of a symmetry region computed from a diKitPKed input 
imagt E'^^ the locations of th« sides ind axis and ihe width ol ihe regicrn for 
earh of the discrete prt ^ ■T>"minetry pairs that malre up the aymmEtii region. 
Thi^ detailed liLronmllon can bes^mmarlztd inlosymholic repre^eitttilLDns whirh 
describe various salietil fMtures of the region, mtluding: 

• the length and curvature of the axp^; 

■ ihf average width and paUem of change in ihe width of Ihe region- 

■ the ratio of the widlhoF the reRinn to Its leiigLh, called ihe "aspetl raLio'^: 

• whether ihp region is part oE the object being tonsidered or part of the bacfc- 
ground [determined by the color of the Ihe region lj] cuireni i mpfemeii cations J _ 

For more detaihd description of descnpuve parameters for SLS reRions^ see Gon- 
nell (l^aS) iitd Heide (19H4) The aspect ratio of a regLon can be used aa a 
measure uf how perrepLually salient the region l*i. A regloj] with a very high sj- 
pect rallo Ls typkaJly noL Falient, whereas a reRion wjth a low ^pucl ratio is, a£ 
ehown in Figure 4 [ Also see discuMion m seclion 6 3 ""Lwalily of Campul&iion''.) 
In aiLalj-rinft a shape into symmetry region^^ ihere Eite a number of features 
thai Indicate: where there are boundaries between regions or subregionsr 

■ an mlerior color boundary; 

• a sJiarp change in one of the parameters of ihe region, e.g a sfiaxp bend in 
the boundary or ihe ajtis^ a jiharp change In the width of the rtgion^ a sharp 
chai^ge in the derivative of the width of the region, 

• a minimum nf width, [This criterion h^*i been proposed but h nol USr!d in 
current SLS implementations.) 



tkDfld the jpiii^ by Sr*dy 




^T^t cTtiurb' S^eIC 






^hgbr« 3-1. Ab RLS rcKinn wJl]i bobJii]tJJ«, axi^, rjbt, AJ>rl reeann t^iVcthI MaFtid Thu puiTfl rf 

paiiilE conrcrtcri hj nbs, r ^ ^ ^bd a", ^re c orreppcridf ns ^\" oi pa^il\^^ Ld piiK of pt^LnLt with 



F^jUM 3-3. A Eivpo*l»ciii:il SLS Kgioa thai dwihlw b^k on itactT Tbin id hril lUawed The 
Byau iii^inep ]n ai 51hS rcEiun unjal fucijiHi hb n f*in?iptcrt dlfccuuti flJuu^ Lb« bxu. ThuPn the 
lK]Ulidu> ihciwn mqsl hr anal^teJ 
Ljnt of ]IE «nJ) 



ly^o dt5t]iift SLS rrsLonn [a lnL^ n^loQ wiLh an inlft. nt 



UeWTiptions of H sl]E3tJ0 uslnft J^yirtmetrj regions aJjould involve FyiTiineCry re- 
gions that arc ma:(imal given the abcj^^c consLd^J-ationSj l^, only breik ref^ioha 
when iJitrt Is some rMaon Lu du SO. I do not kno^ of any iron-cl^ul rules hf 
whcltitr !0 break "P a shape at a possible liOTipdATy Obvit>usLy. ihjs deft&ion 
1ft partly detefmiiied by ihc strength f>f the bcnindar>^ e.g, the gharpnew oE a 
**sharp" change In aparitmeter- The declsloci also stecna l-O Involve^ dmcLaonal and 



1 



rftM^aLd \s ptNirptiaaUy EilitLt Th*reHi^r>f>R tJifl rt^ti Lij a vf ry liigli a£p«i riii*>r;rrf jfl uol 

other hiRh-lfve] coi^le^il A given ^hape inft> admit oF moi^ (Kun 4iiic plausihk 
aj]Eilys]E in Lprms of suhparti. For mure diEfusslon of ihcso c^ues, 3« ConneJI 
(1M5}, Heide(1984), BrHdyftriHJ Aa^da f J9&1), ftnd Hollcrbach (1975). 

Zn Lhe prcK«3£ i>f Jescnhine an input shapf vft]nE iyrrfnetry region^, ihe m- 
tuitivel> h^^t reprcHcnlaLion may tnvohe joming togolker two symmelry roRionE 
IeiLd one linger region, by creating s«tit>iiE of boundary iKat ar? not in the LnpuT 
linage. Therp are l^o b-u^ic ctjnsyeratioM involved in dtlcrcnining how good a 
joined reF^inn W- 

• FidtJjly tDthf data: tht area of Ihf! join should b? small toinpared to tht areas 
of ihc iFgion? being joined ^nd iKe lengthb of thf" added bour^d&ries should be 
sm^L compared ta the leriG^h^ of ihe bouudaxlp^ of tht two original r^Eiona 

■ The combined regionn tndudinR the added section^ should form a good SLS 
regions ihe added points should form good local Ej^mnietry pairs and llitie 
should be iioindicaLion of a boundary in the join rej-iori, e-g. no shirp changti 

in paramettis. 

Theremay bemort] tharif>neway to tovCT thpsameK-gionof an input shapp or 
scene uainR lofJtl s>niiiietry regii^n-? For examplp, a fal rtelangle ha.-? lin SLS aij-i 
along its main ^^h^ and anolher one pprpendicular lo it- Bocli regions niover the 
trttireij-eiof iht r^ctangler A Itical symmeiry deKiupLion of a complex shape maj 



^IsD involve cDiriblTiinR TnulLiple local £}ic[imetj-}r region?, «Hh«r by Joining them 
tnEEther or by Cutting one ijtit of :ii]olh.eF. This re-^uliE in nor^ mor*" poflRib]lLtiEs 
Ttit nmklp]^ dciittlpltonij of the s^inie shnp^- The bask cQn5ider&ti>;>ii mvolved m 
bulldjjig & local Bymmetry devr]pt]on H ihal: 

• Except in th^ case of CUtovts, ^givpn^-dLmenstonal rcgiDn Wtth d giVGn botldil- 
ary U only de^rrihed by on^ heal aymmctry rL-jiiun. 

AcLually. tlilfc &t^t*mcnl of the criterion \s sonicwhat ^^eli-u^ -md puisiblj nut 
pcrctpLudlly accurate. Revising it h a topir t>f curreiit resfiiirclL and I will dcftr 
dfiLailL-d di*itU£stLOi] of Lt lo Chapter ."i (Sertion 2)- 

Smootht-d Local S>ciiiTU2tr>' rep reientut ions can be computed robuslly from 
inpul imagps ^nd provide LntuiLivt de^trlpLlons of elongated regions For exam- 
ple, Fignre r* jihnwji the Smoothed Local Symmetry regions of an airplane figLire, 
compnTed hy Prady and Asada^s (IQS^jl irjipk-mentdtionoE Smoothed l^cal ^ym- 
meLripfi ^d ConneJi's (1985) analysis code. 




pjLci] for Et by tliE i.cidt d«cnbfi] in d^nntli (lOK^}- 



3,3, Problems with Lho SLS 



Althouflh SmooLhed Lcmal Symmetry regions arp good repre&enlations for 
Elor^aLed regiwiSj they ire nol appropriate ropresE-ntallons fur rCgionfi whtth tre 
round ^ itor forhalF-open TERions boLindtd by one i^tralght side, ^uch afr har^ground 



rffl^^n^ extending lo iht ^daes of ihe iin&Re. Bniouthed t,oc&J Sjnimelry r^pre- 
fifliit&iicnis of round regions ire counier-intultlvc, because such j-egjonE dn not 
have a particular perceptually Haltenl axia Half-OptJi lEEions do not Jn EcnEra] 
hive A Smoothed Local Rynimf-try rcprcscnULion at alL btc^kQsp they only have 
a boundary on one fetde_ Furlheri in both o[ thea? cases, the Smoothed Local 
Si'mmetrj' Mpresentation h» an infinite dr^gejaeracy and Is unstable under smdt 
dianges to the ahapen 

Thfe Smoothed Local SymcnelTy repregentation ie infinilely degenerate and 
unitabit on round regions, firsl, al: paira of points In a circle or paj-tjal circle 
have local Eymmetries between them. Tliue^ a circle hia infinitely many dtstmct 
SLS repiBsentaiJona, each In teruii of a diffej-ent axt&. h is nece-osary tu cMplicilly 
delect circular refiions in order to avoiJ compiicing the large nuinhers ol" poaaibie 
Smoothed Ltrcil Symmetry regiona withtn them- [Current implempntations use 
vflMous heiiriBticj; to ^vnjri compuline mare- than & few sycrlmEtrjeji within roiind 
reaiona.) An uis-ba^ed descriptions £uch as Smoothed Lucai Symmetries, dara 
not provide perc^ptuAtiy appropnatp repreientation^ for round regions. A round 
□r roundish iihape does not have one pcrc?ptuaijy i^iienL axis. R&lher, such a 
shape is moat naturally described in t^rma oE a center and acL]r|e/ radius location 
o[ pnint-^i on the boundary, relative to the center. Unless there Is tnfluenr^ from 
ont^ide conte^^ the pt>a5ibfe lorat symmetry ajits of a round region are not m 
e^neraF perceptually salient {for detailf.^ see below, section 3^9). 

The SLS represen Lotion ia also unstable on regions which are n^lose to circular^ 
A regLOrt which i^ dose toniircLilir^ butnoft quite rircuhr, will in generalhave only 
^ small number oF poiRihle symmetry iXEs, but extremely small changLs to thE 
ahape of the region will drastically cl]^nj>c which axes are possiblE. Furthermore, 
in going Trom a circular ree]on to one which L^ perf^eptually very close to circular, 
there is a sudden change from a repreien tation with Inlinilely many axts tu one 
with only one or two a^ccs, as iLJuslrated in rigiirs 6. This Lnstahility will occur 
when nnise or texLure it added to ^ circle, as well as when a tlrtle ts deformed, 
e.R- into an oval. 

Hmoothtzd Local Symmetries also dc not provide any rEpresentalion lor half- 
open Ffiflions which have a Eingle bounJ4r> that i^ straight or perhaps has a 
shallow curve. Such regiuns occur when a background region or an object ex- 
tends beyond the edge-T of the Current field of vJev, at shown in Figure 7. David 

Brauneee hcis also pointed out to me that in representing ^-dimensional shapes 






We it«d BtMtLt ftpresenlalion for rf^ions for %vliich we <^j] only see one o[ Lhi: 
boLmdillR surfac*!*- Although thp full modet Tor a n^^d i m^n^ iun &t flal ohjetl (e.g. u 
tflbk top) Will hitve two boundina ^rfarea ^uid th* 3-D ^quivaleni oE a Sniotjtiicd 
Local Syminclry regionn pa-riial ttdiJc]:^ Iwi'Ai up from (me view of in objenH may 
CJT>ly have evident* for ihe nhape of one of the bounding ^urfacti 

In addition io ibis tack ol repr^senlation for ha^f-op^n reftions bourided by 
Etraij-hL lines, the Smonlhed Lotal Svinanetry represpnl ation ia infinitely d^gen- 
eraLE and un&tablf on FitraiRht lineit in much ihe gamp way Lhal It is de^enerfl-t^ 
and unttable on cirrles. In aii exactly straight line, pverj pair of points ha^ a 
local svjnjnetr^. with the boimdary segments ^saclly pEtp^ndkulaT lo the &x1e of 
ihe iyinmelrj'. These symmetries are not perreptually iaiient. Further, the SLS 
repcx^cntalion ifi unElable ou boundaries lhal are clow to straight lines: Email dt- 
viaiionsfroinaBtraiEht Jine, due tflno^fieo^bertdm6^will^«utl in drastic change 
to the possible symmetrLOai a5 lllu&traled in Figure 8. Again, symmelrics betwi^ti] 
points in aboundarv Lhal is doae lostraiftbt are not iji eeneral salient and cLirrcnl 
implementations use varioiis heuristics to avoid toinputing such eymmeiriesx 

Thuiij iT» additioCL lo the Smoothed Lotal Symmetry representatton for elon- 
aated resLons^ we need repawn latiociE for round reginns and Fcir lints that are 
close to strkLghl (bounding half-planar regions)- In this the^is^ I will descrihe Lo- 
cal RoLalLoi]il KymmetrieE, a reprciE4:]iLation for round r^tuns. {A reprt6entaL]Dn 
fnr boundaries ihat are close lo straight will have to wail for future rewarch.) 

3,4. LBS derinktion 

The Local RmaUonal Symmetry represenl aiion for round rej^ion&is defined in 

B wa> parallel Ld Ulc t^rc^n-dkne definition of Smoothed Loral Symmctm^. with a 
fe>^' mndilicitions required by deferences in ihf iwo types of ityminetri^a- I first 
define A rotational veraion of a IcKal Bjmmetry_ A Lo<a\ Hotalln^nal SjTumetry 
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ndc 4nd ut obj^cL txt^Ldiu^ uul Lifibc licld nf view. 
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fLj flx^S 



Fianre J-e A drajglit line ajiJ Iwq ri]]gliL dcrnmiiinn* of the line The Lent lim-n (inp ir»d 

bdlLnmk rarh |ig,v^ ^nt SL^ IXl^ Ti^t BU-Utibl line in ibr rndnlli? Il^ «ilb«r UhGnatEli mAJif !iL^ 

^iicp cr Tipnf \^ OHO h^nt l[a« Ib ^ULjollifcy tJ-uuJci-niHl ipin ili^ cither vi^ 1L« bdj-u^Iil Ijtit t]ii> 

]3Diiib]t IdCftlfyrnm^tnct ^ tli^1ii;iJJ^LLui(jtdruLlfallj ThD#,lhp S LS r«|J«l«L L^Lj^n is eiii^^IiLm 



rc£icn can thsn bo df-lined &fl a rfei^jn l^okindLcl by e cor>nerle^ sel of boundary 
points WLlh loctil symnielrieii around ihf sainp Le]]lt^. 

A SiriHWlhenJ L^tfll SvnmieLry region is ^ r^ion ft'hosi! boundarLE^ are con- 



necLed rurv^E thaL locEilly fomi rcflcc tii>h^l sytuuetri^e abo^it the aKIS- J will 
definG a Lo^^ KcloJTOruif 5ynNmelry region to be a region whosp boi]ndary is a 
[onnL'iLutl cui^'t ihat localiy forma a rolfttionftl symmptr^- &hc>uL the renter of the 
rtglon. In Dth^r wor4li=:, if ^ ^actif^n af the bouTi clary ]e roLatc d ^b4>uL iht c (filler, it 
Szomes clwe lt> malfhinft'' the next Fectlon dI bounJ^iry- More pi«lsel^^ I will iiy 
that 3 boundaTy point has n Local Rotalivnol SynlrfAclry (LRS) to a center locft' 
tion hi the nnrm&l to Ihe bomidaT^' at that pul[it At 1 small ajigular distanc? Erom 
the r^dih^? froTn the bDi]ndaTy paint Ed the center localion, a^ shown in Figure Q, 
This i3cnditioTi on ihe nDrmaLs at boundary pol[it^ gLi^rantee^ ihat ]f you naap a 
sff tiori of the hoLindary onto another Tjcftrby Heillon of bounilaryn ea^'h bound&ry 
point FhoLild b€ dL£[jlai:td iji ^ direction approsimaie-Jy tangent lo a circle aniund 
the center locatiMn Lt. ihe mapping was ftpprOKim&tely a rotatLun around tbi] 
center Iwallon. 




Figurt ^9. A bcniodary pci]iit lE i^ jizLid ld have > Idc^ foLathooiJ aymnhctry abi^ul ac^ntrr fmnt 
C kf tb« utel« o bdw^D l|ic radjuE fi^ auJ the aonncLL to tli« tK»uidvy At 1^ ip ^m^lL 



A Local Rotational Sjinmelry region (LRS reRion) is a region buurtJcd hy 
A rtmnecied cut^'e of boundary pointSn each o[ which has a Loc-il Kotiitioiid 
SyrnTnelry with ^ tojiimon f^nler location So, FiEurc 10 fibows a typVa] LPS 
TeALon^ 1 will rcEcr to a line sfgnient coTinecLinis a boundary point to the center us 
A radnti. FLgure H show=^ =jjmE LRS reEioi]a. Obviously, a nilrcle ia aTi LRS re^cUnt- 
The other reRionE illuEtrale Vi/lous tjpefl of mmor deformationi; of a circlt- all of 
whlrh are perceptually more or less "roimd" or "^riol elonEated"- I ".^11! uUow thti 
boundary oE an LRti region to he ^n open curve and I Will also allow the boundary 
to Bplrair For esampfp- the bump^ dcr]t. aplrah and round end ^hown In Fieuit 



IJareaJI [,Rr5 regions. Open bnundari^ wh™e euJa can plansihjy bt joined an. 
ppicejvcd fl!, flHMtd boujidarics -iih gaps However, when ^h•■ ends arc loo Far 
apart, the ends &K not joined, and the Imundary fs pprceived d^ bfunding only 
a partial round reRion, Howerpr, ihc boundary Shotild nol "baf k up", i.e. s«ilih 
dlrocVinn of lolaLion, U elnjH'n in figure 13, 




dir ifmiDDjI ng i oa z.,'m4, an d jfIccLhI ridii fimn chi iiJilrr to lI]« baiindaiy 









Fjji.« ^n Enimpln at LRS «a.n.i>, »»a ibe tgntf rn uf the hjimu m^rk-d. 



The iwo-dimpn^lonal regiwi ro^ered by an hRS rcEion ivhH>ac hoopdary !■. 
dosed i^ ohvloual> [he reeicju inside iho bcnndarj curve. IT Ihe bound-rv curve \e 




^?^^^ 






rod. 





FlBJr? T-]3. An LRS rtKi'-i* '' hl.I illfi^rH lo TKiiu)\ diiMiicnoE rorsliop- Tt". oaf h d thfl twa 

opsn inJ does nm -■■piral. Lhe region cuvtrfrt la th? aEva bounded b> tlic boKTidaij 
cunc dnd a '.irajphl liiie jdininR the iwo -■nd^. In olher words, the t^gi^n covcifid 
^tLeuniororall n[ira''KniciiUjoinmRt*ou1lhpho^jndarv pomis, as sln,wn in 
Figure ]0. Tilt region covtce^l ia not ihe union of iho TdJii of ihe LRS or tht ena 
bounded hy ihe bou[nldr>' Min'p wJLlj ihe end^ jomi-d by a ^raoolh cur^e, e.g. i 
tmootli Ljit'^rpolflriurL of the radii. A^ sho^i'n in FigurpH, the regions spctitird by 



ihese d<^fiii|lion6 do noi matf K human perrpptlont. A Fpiral LftS do^ not bound 
a region In acohprenl hay. Forsonn? puiposea, ihe area nf e BpiTdf region njjj bp 
de^aeA by closlnB lJip op-cu End of [h* spiral and takJPB [hp whole inlerinr. I am 
nov SHIP ■whether ihia is the only perceiHuflJfy rEasonable definilion uf ihe r(flioa 
buunded by a aplial. 




Figure i-H Tlin itF*-JidnLl ri.jmpk ato«.. Lh* r^fiion tuoridfr] by i pulizil i^mii] boBnd^ry rins 

H Bmoocb JO,™ or lis ^liJi. Th' nijddle and riehl-JiLad fiaq™ a||,|W Lb^ rrfiinrE oblBlUrd DirE llir 

LUJK^ii nf ihf radi] of a pmjal rDaad ifH»"ii r^ei'tw of ihr?^ JrliDiunri: miUcIiu LIie pfrrTl*ri 
ueii oJ 1 p^rCiaL ruujiil res\'>n. 



InsSmsothod [^al fjj.uimi'ln' region it I& pn^&ibfp Ld re-iuirc iJiat ihenormak 
at Pith pair oE cQrrwpondujB pointy bv txaclly rentnlDri6 of one anolher ui ihs 
Lheoretical den^e ipndel. In real dala, sumE iill™ancE fnr nolae and digitiiallcn 
Error is requlrad, perhaps MO degree However, m a round rCKion, il it noL 
poElble to require [!!*■ noiiTiflls lo he exactlj Ihe fismc as the radlj to ihe cenlcr, 
fVcn alloii'iTii for Jipl:;p and difillizalion, Mij=L nfthe poinLt nji itie boundary ufa 
iffBion Ihal fiiims LJiiuiiivoly -round" ha^'e normab rlorfly aligned wilh Ihe radh, 
bill a few points (an be relallvplv far from perfect ivmmpLripH, as iiiowji in in 
Figure lli En both typp^ of syminelrjeg, good rpRion'i have both long boundaries 
and aymnietries Lhal are close to enafC, Sn a Smoolhed Local ftymmetiy region. 
nlncc a symmelry (enter \s only shatenl \>y two points, the* iwo detirala. aw 
relBli-velji Independent. In a Ucal Holational Symmelry region, ^ince the center 
jsphartd bv A Urge number of points, an optimal fioliiiion involves a compromise 
between increased lenglh and increo^zed divecgence 

Since closed LRS regions can contain points wUh Jioii-ejaci iotal EymmetriM 
and since the hojudarie^ of round reftion? can bp oppfi, jt requirPi no extra na- 
chinery to allow iKe LRS represenUtion tc handle spiraU. In fact, it would require 
cKlrii niachinEry in ih^ ihcor]' lo forbid ihem. The difl-erence between a spiral 




n^trt 3-lS Itidividu^l poiBtF 47P B TOUhJ r*ginr <-F*r havr n4>rtih^l& thai if? rc-laiivcEj fat Thom 

■jid rb^ radiTEfl BC g. ^l»m M dtsK<j, 

And u n>und r^ftti?" of more or Iks ct^naiajii radius i? analo^oua to (he difffir^^nce 
h(>tweeji pointed SL5 legions and more clotigati^d otigb- Both spirals and round 
regioris are intuitively described in lenns of a tinier and radtl from il lo a con- 
nected houndAT-y VariatloiL in radius per if does not dcsilneLilah spirals from 
round regionE- Tht variation in radiini of a peirfptually round ellips* can bo a* 
ttiLich as thp variALiwi in radms of a spiral. In fact^ Fcciionfi of a apir&l whoso 
crtda do not come cloit to the najne angle form reajmriablo half-roumJ reRions- For 
iLxamplf. the boundary of the hump shown in Fieme 12 is actually part of Lho 
Bpiral shown li] the same figure A spir&l roold bt aiialyaed m a set of p^tl&l 
round reRions, eath one exlendinE until it^i end& ^ct close enough Logothtr that 
they c&n he seen not to meet. HoweveT^ on a regular spiraU there aio IrtStjIlely 
many places to hreaJc up the spiral i-nlo pirlial round regions and there t5 no 
principled wa^ to choos? amocift them- 

Spiralscsn occur in natural fiK^reE. t.fi. agpir&llod tall or ^ toil of rope or vine 
tendril- and m line drswrngs. Since thpei- do not scejvi to be difficult for people Ifl 
understand. spiTftK should have a relatively simple shape reprftrtlLUtln^lL. Simi- 
larly, a flpiral is a common waj r^ mlE-draWlne a rlTcfe or an "C, at illuElralod in 
Figure IB- While the defert F.hould be noticed, it setids a pertieptiially sniall dif- 



Terence bctw«n b^^ically aimiJar PiRurra. Sjjlralt swm to be perceptiiaUy similar 
in roujid rcfiions except ifut they overlap [or come cIpw to oveilapping) tht iame 
&ngle wUhdirrerentradi]. If apLrals werp not alluwed to he round rei^ian-^. Then ^e 
WQLild have I* add a special ^hftpe rtprcBenUMon (of tbera. Fortunaltlyn th^ bett 
rt^presentfttion for round regLongaiJtoma1.Lcally provides simple descj-lptioiifi c?f spi- 
rals- ruTlhprmore, ihe reprpaentallona oF TDi]nd r^gnjitt in lerma or radiuE/angle 
Jwattont oE boundary pomla provide the icLfDrmalion n^eJcJ lo identifj- spir^K 
a^ aptcial for laUr proL---^]ng, ty detecting LhaL they tr<™ tbE 5am* anfilt twice. 





flfurs 3-ie Ti*cspira|TiiH-dl'*vihBanf acirclflOJ-iJL "O" Wh]Jrl|>ii differ«ti« ■Knnliltie notitcdr 

^ 4 circk. 



3.5. Thf" opIiinlzALlOTi probifrn 

Since Loca] Rolational Symmetriea art not exact, a given rountl region ha^. in 
general, nol only i plausible LPS analyHis nsing th* perceived Jrenter of the reBion^ 
hut also pJaxj^ibk LHS analy^-s using tcnlera ne&r the perceived cemcr. Th^w 
3ui>-optiTi^ftl LRS ajiifyteB are not salient. Thu^, pmklnE dui jmt tht perceived 
center of a round regLcin require? findlrtg locotlt^ ^phmai pa]rs of a teEitcr and 
a boundary There tan be mm^ tJi&n one SLS analysis of i fiLven region. For 
e^tample, Fjgur*" 17 shows two diff-^renl tiLS analyses of ai] e[Jips*^ However, 
TCDlliple SLS ajialyws are genttalfy a email set oE qualiiatlvely difEerent analy-^. 
Thia IB because Smoothed Lociil Symmetries axe already an eKi*ct s^TTiTnelry and 
thus typically locally optimal/- ChoasinB amonE a di&rrete set of qu^lilatlv^sly 
different aJternatives ta gome^vhat diOerept from phckLnR loffl.|ly opLiinal choices 
ftom a set of altemalivea that vary tfMoDthly. 

I dse several criteria w deciding how good an LRft refilon is- 



'' Bni *ffl ili« dL^aaaic7D nf Sf.S's wUJlLii Tegirwi rt^nrtK in Sertiuti 3 9 [t»lo*). 




axis 



^x\i 



tlitttc 3-lT- Twr>5L5 MialyHP of >d <7V^1il t^rme oM ilTf rf nl jybiai^Lry mm. 



• The ftveraRt iiJiEul^r deflation belwcizi] the nortna! f^t each bouiiJ^y pomt 
inii the r&ciiui; Eroin the center to ihaL buujidarj pomt should hn lowi 

• Th* Mftlon should have a IciiB aneulftr kn^^h, 

• ClosEd buundarie* are iirpfersd lo optj] bound&ri*"s and apicalft ar* disfftvored 
comfiarcd to either. 

For txample. Figure l&shuwaaset ofov^K^vith increasujsly bad aTeraEt^inBuW 
dii^iatiDJ] around ihEir centers (ftMnming one cctitcr covering Ihe whole boundftiy 
In each). 1 use the average deviation rF^lher ihM a ihreahold ort Lndi-vidu-il dcvl- 
MioEia, because the presence of boundBry points with i*itiall deviahions soem^ to 
fitejiie some boundary poirtts wtih l^rge dEvLation*, as In the ejfajiiple shown In 
FLEurt 3-15. Figure LO shows eKitinple^ of upert boundaries with vaj^id^ angular 
length. Hole thai ajigular length should be uaed ralher ih&n absolute tejielh of 
the boundary, bptauae angular length ie invariant under blunges in the siKe of 
the region A fow average deviation of nortnaU wiihlu a region seetns U* b? able 
to partially compensate for a email angular length- Thai is^ parlLal biht highly 
regulflr re^ioni are as salient as mort tomplelF hcit irreauLar rcglon^r Ch&pler 4 
discusses details of exactly how regions are evaluated. 



3.fi. JoiuA ^\id :^](][i^jiL^liou 

Like ihe boundary ot aj] elongated re^Lonn the boundary of a round region 
may he hrokcEi up into disfonnecled *i«tLon? by atijichcd or nccludlng partji^ or 
bj sections cut out of the re^LOn. For example, Figurv 20 phoWF the boundary 







FlEUrc a-]S A FPt ^ Dials tliat [lK incKi-Jin^ly flnllrpc^f A? tht wabirt ailtpr>Ed, lllc iVcrajc 
BILGbIu deVlALiDii intKUCE Uld tll€ reghC^L bccnapu J^u food A« 4 rOUlLc] rcfli^n 






\ 






of ^ apaimpr trench. Each tnJ oE ihe wrench is perteivod ee one roun^^ rei*"^nT 
thougk lliBbpundary <hr tliet^eicL is broNn ^ip inlo twaK^Lions by ihe handle artd 
by the sqtiare cuLouTr fn de^ribing thp rnund regions in euch a Rgure, oiac muiL 
jflin together disconiiectfld fw^iions of boundary lo form one Conner 1H boundijy. 
Jn Editions iht (inds of ^ connected op^n boundary ^Kouid be joined if p<FSfiiblc. 
PareKflmple, the twj pieces of boundary uf Each rdunnl end t>f the Epanner wivmh 
should be joined uziwi^ b(^fh gaps to make a closed boundary. 




tuT brotfrt up hy Llif a^tLH:li4iJ liandLc mj by the h|Ljut Qji-QKt^ brt^wn Lie Ja^ri 



When thE boundary of dn LHS region U rnade Up of LwodLsconnectrcd Mctiaris 
of boundary Joined tugcther, the T^uIHhe J-'R^ rffiloti, includLn^ Ihe boundary 



points hyptrthfiEtzed in the ioLn, musl m*.^t dill the norm&l fondltions for an Lns 
region- Jn pajticuliu-, thu dngul^r do^-iation beTi^efn thp normals aloiiR Ihe new 
MCtion c>f boundary and Lheii £4rt-eS]jonding ra<lii lo the center iDLitt be Ld^ aliJ 
Lht dLrection oE nilatlon musl slay iKp Eairie for the whole buujidary. Also, there 
IE an diJtlLliociil consideration in ev&lnatinj; bound^krics *'ith joln^: JideFity to ihe 
inpui ddtfi Whether ihe cf>mhinefi boundary formed l>y joiniiiE iwo boundaries 
IE belter than the two =M?paraie boundarieb l^ d IradccjfF between the increased 
length and the deRradsitinn in RondneEs cau^^d by adding hypotheiicaJ pointy 
parLJHZularty If the.^ poinlE also ha\e high deviations. The ?iiu&iion ie Eimilar 
Vfhct} the ends ol an op^n curve are jcined lo ftirm a j:lH>sed f^uri'e, excppi ihaL 
there Is the sriditional factor ibkt cloitd boundaries are morp hij^hii- Tavor^d^ all 
cither things helnR equal r]£urc 21 i^hoWA a series pf baiindaiies thai ran bc 
tloaed wilh joint of similar lengthy but varyinfi average devialLnn rrom narm^L 

O GO 

FhfUTe3-2l A 5mM afbujoJ^it^^ to bt cloflrf Tlit pmrtt rwiii ir*d id joui tL* icfDnioflt tn>iiidary 

would ^]\ kft^f i^mrili dcvLiLLOiLfi Uid Lht JOIJI a4«nkt pOCMl T^f pninli l-iqilU-tJ 1(1 JCUB tbE ^L^Lllt- 

mut faouAdar^ wojld havr ^byxmal J^xij^litui^ acd lli^ >OLD Ef^iTiF k>^- Tb« m^dk LouDitary ifl 
llttemedme ^^^ 

One deliniiion of fidelity to daU wQujd be to use ihe percenUge of real poinlj 

In Ihe joined boundary. Figvre ^^ fiho^vs a series of boundF^rie^ with -varying pcr^ 
centaRBE d rtal points. Another coriEideriition ts a more local meaEure of Jidrlily 
to Ihe data: how long the gap is romp archil lo ihc lenglh^i of the two bDundaxieti. 
The differente between thece tVhU me-iiEute^ occurs when the boundaiiea to be 
JDincN^ are of very diffprent ItiLtthti Even though the loihger boLi]]dary maj" be 
loisg enough lo guarantee a high perteiitageof flctod pcintE in a fomtnlned bound* 
ary, il seeni^ that th^ Eii^- ol the gap mit^t abo be Ehort tompared to the IpuRthof 
the amalier bOiiJidary In order for the join to iie perceptually good- B3 iHub trilled 
In Figure 23. The current implFraeiiUaiion uses a combination of both criteria, 
Il now &eem3 lo me thai local Eidelily by ilswif ma> be ^ufTitient lo airniount fpr 
the data- Finaliy. thtjiv aeenis to be a conEtr^iint that two boundary pnds cannot 



he JoLncd tf Llie ^ap helwe*-" Lhem e& mOrc Than flbPUl ID-SU dej^rees- a biJUnd- 
ar^' WLlh a gap larger ihan l.haL sfcms Lo bt ptrfeivfd M 5 partial iduishI J-^gion, 
raLhcr than a full round refiion with ;i fiapptd bfiiind^ry- Flkufc 24 ihawi a Mrtes 
of open boundaries with vaj^lnE length g^tp^ bELwcen Lhd cndSi illustrating thai 
open boynd&rLeB v.iLh loci^ gAps are noT closed PinninE duwj] iht details ol Iheae 
ccmslraint? U a niatL^^r for further r^&^arch- 




; 



Lliat ^Ttnuld Ji^ftl Hi t>f li^ p^iLheJiicd lu jLiho thrtii kniO ftCOmpl^if bnrT»r^arj TKc ?e1 t>f tnU tidAJ-]« 
4>b 1L« left, Willi h3^lt p^rctniast dC [tzlI p^Uh^^^ ^^B p]41i4lbl> he jr>1Iiri^ Tlic act ^ buLlbd^icE dli 
LliE r^bi. Witk n low prfrrnLijic c^anoL Tb« miJdL^ Hi t£ EBlrTTTi rr| I :Lt« 






TiRMre ^-2^ A j*rfcKs Lif tiOiiTLdif iee wuh v&Tyinj l^nfitli ^apK octnpaj-cd ii? tbe length ol the Bhorter 

hnhiLFlriu} The join ^kI? W&ra* id Ihf r^l^l^f v^rc n| liu; gijj Ll]cJ-?asKt: Th^ JOIL Oil tb« iH^litrHirt 

(if|i;n^ []4>EH n^L uetLih pl:iu£]bk brc^o't itii tf>D long^laihve to tJke leiig^b of thr ^bor^rr (wnTtiSiTya 



Ori the other &idt: i>f thecoin^ agijdden change in paraindet^ of a rtmnd Mftioili 

Eftch as a cornctn la a reason for breaking up tht region iiito ftub^r^glortS- \\i\^T\ 4 
Smoothed Local SymTnetry reaion ib brokoj] Lip inio Sub-r^ftianEi each Eiab-refiion 
}LliSth* same status as dit> indnrpundHinl region- However, when a Local Itotational 





o 



FLsiirc3-2V As*rL«flfipebb<>jiidiriM wkb viryiJLglfliiniheipiLiilwMrihrrnrt* Ttc Ieltnic5t 
bL.\jndar> TATi ptatid3tL> be cloFcd Thr j-JilLtnioil Kgiandi^ tannL-l plrwaibty be ulciEied Tht 
miJdL^ b&nndar^ u anDarrftwIhH ^ 

Symmetry region 13 broken tip Into sub-reff"^"^^ ^^^ ^ibreRiCHns mity irlftin Iht 
global ctdter of th*^ TERiiJci, even wh^ ihal is no^ the opilmal r^^nter (o^ the 
Hub-region taken in i^iolalion ?or exampfe- Lonsider a hesi^&n. The rorncra are 
salient, ajhd seem it> divide ihc bounditry ol Lhc region inltjaiubaenHionE- Ho^cvcFh 
Ihi? diviHJojj does n^Jt affect Itie perceptual center nf the h^Kagon^ which it the 
cnnter of the eniLre bOkindar>. not iht pen:i2prL>Al center of anj- or the sid« in 
]5D]aLionL 

6.T. Rt4ultf? anci fcynibolir H**m:rliJtions 

I h^ve luhplemenled an ilgorUhin for coinjiutlne locallj- tiptimal LRS reKions, 
The deULls of thi^ alRurJthju are d^cHbcd In Chaptrr 4 and tp<5^i11b of this ilgH> 
rilhm on Simple fifture* ans BhoT^n in Srtlion 1-7. For ^ath region, the pruEtam 
computes a tenter locatian and a Full ordered liat of bounniftry point locations 
relftt]V€ to the center- RadJl from the center to hni]nd.u-y points and orientations 
chf boundary paints relative Tfl ihe ctnler can be cumpulert Fz^trcmcly quitkly 

Ftoih this oulput, one tould rompute ft s>-mbalLc Fepr^f&entition of tKe region. 
Such a description should include fa^ila such ah the following: 

* I^EBlion of Ihe center of the resion; 

• Hftnge nf aTbgles covered be one move^ aLong th^ hoimdai^- (If th^ boundary 
■ip]Tals, this Includes notictg which angles ire duplic-iti^tfl and how many tiines- 
The boundary cs nc?^ ijarameteriied by MigJe-)^ 

■ WhlchsecLJuns of the boundary IJft real boLjndaT>" points and >i"KKh^"ere parlL 
of jol^«: 



• Whether ihc bonndpiTj' i:^ open or cltBed; 

■ Whclher thp bnundary ,v;ii[Bl&- 

■ AvtEflgE. miiilmuni, and raiLUmiim d^vlalJon of normals al bound-iry points 

from ioiTPF;pi?ndiiie radii m ihc cpnieri 

< Av-^rage, minlrmjui. and maxlnium radius and iQcalimiE of eiilrenia in ihe 
radiua^ 

• Deacnptlon of simple pallerns of iTianRein radiu.h, e.g. spiiErally mcrPi^JTig, 

approxinialely fftn?larit, ra!io nf minnmiun to fiiusiTninn radcus; 

• Loraclona of sbiarp chaiiscB in the rafSiua, 

ThffiP paramelen. fH>r symholic deiir]p[Jori ^f IRs reRions arc ^JmiUr lo IKp pa- 
rameLpriS propowd fnr SmuoLliBd I.fmaJ Svmmptry rCBJon:=; in Bradi [y^SH]. Urady 
and A^adfl (I9S4), H-id^ fl^fil), Conn.ll fiUHo]. The currenl impJerienlation pf 
Lnra] RoUiJonal aymmutri^ do^E no( VEt fompulP iheae d-scrfpLion^, fllthouEli 
ii ic^mpultfs somp of the* paiamelera (e r. angle ranse covered) in thn' tourw of 
pvaluaiing reg lulls 

3.S. Alitmaijvea 

My definiliou of Lonml RoLalional Syiiiinctrie^ &pH.ifi« ihat [lie criKial proper- 
lieB Lhal dflcrtiLJnpfthen a s^Loffur'r'es bounds a round region abouL a panJcular 
center are t]i4' eonnftledne.-,/^ of the l-jundary and iKp onfjr^ur dePiflJien lictHPen 
the normalaleach boundary point and the radius fmm the boundary point lo the 
center of ihe frgion. J have fi^rmiifaied rlie prc^blem of finding pprcpived i<!E\ans 
as an opiirolzalJon probkiij, in whff h uptiinal regions [paira of a boundary and 
J cenLPr) ar^ determined by a. romproiniw belween lo* -m&ufar deviation and 
loDaanglllac Itnalh nfihe boundary 1 f onsJderpd a VatJely of alletn al i ve ways nf 
dpfinins round rcgioua in the fouite af ihofftinR rhis dprinitjon. The appiMih I 
UDed wa£ lo Elan with thp pTO[icr[Je of a f ircle, the TUiind rPEIOli par exttSScicE, 
and obFprve which of ihpsp propcrlipj, were pnser^'ed In rejtion^ which people per- 
ceive a£ iljBhi deformaLions of a drtk. In partltulai, methods of findina repon 
cEnt<.rR u&iiiE exaci foii^lruclion^ nufh as interwctinR nfumal^. prove lo be too 
BSilBiVive lo deform aLionr 

Some faniilhar proper tien at a drtle are. 



a th* curvalure of the bouudaiy ]3 consUiil; 

■ bLI paini^ on rh*' biundary are eqiiidistan! from the tpnter^ 

> ihc ikormal to the boLiiidaij' ai every point paasLS through Ihe ccnLrr; 

* Ihe boundary Is a ronnpcted^ closed curve. 

The only one nf ihesp pruperlies thai holds exacLl> ot roiin-i tpmIoiis which arE 
nnl. tiTclea la the conncclcdncsi of ih? boundary When pie^PF; o[ llie iKnindBti- af 
fl reRJoii ire nnt coniief led in ihp inpul. it Bpemfi at If thpy are cxplif itiy joined 
Lulo cDitiLCf Led boundaries during the process r.f shape deifriplLisii- 

Kiiatl hormalily is vtry aenFitive lo slight dorotrujitionH m a U^ure. For ni- 
imple, in i fbl ellipse or i hexngon. ^try Tew qT Uie normel^ Ed liie l>oi]ndary 
nftually pass ihri^iiiih Lhe pprfeiv^d cenlei of Lhe ellipw, InlBraoclioua a\ nor- 
mals arc even lea sVdble and can be nlalively (ai [rom lhe perceived center of 
fl nearly citiular tefiion. Furthermonf, intersectbiB normelf dore not fieneralize 
well lo 3-diiiienBional ^hape mndelE. btiau'W non-paraJlel line, in J-spete are nal 
guaraiileed lo inicr&cci, Therefotp. aJthough normality lo the (enter is a Eood 
indkaLur of the plausibility qF a piece of boundary as pail of a round rcfiion, 
rjacl normality mu&l be relaxed. Suice the ahajw reprspenUtions ■should he in- 
vaiiaiu under cbdiie« Jn eize, lhe approptiaLe measure ff deviation from nuriual 
is angular deviaLiun. 

Lncal curvature ia also very Ben&iTlve to slight dofonrmlionE. For e^nniple, 
lorallj flaltening a citile, e.R. lo form a hexaRUi] causes ihp lotal curvature lo 
yari aubatanlifllly i">*^ ll^^ perceived turvalurc of lhe reRJun aa a whole. Local 
carvHlun- coi]ld he usfd as -in additional, raush ton^traint on region curvature. 
flowtver, local curvature aloni lhe boundary of a region docs not seem lo be thf 
primaiy influence Oil ^'herp Lhe perceived cenrer of the region is. 

Another possible drfinillon of a round leRion would be. to use some form of 

eq^iidialance of bouudary poinii from lhe center E>:aft equidistance is sensitive 

to noia- and dc[oniiation in mkull lhe same Waji that norraalily Ih, so anj use of 
equldifitancc must invoKe approximate f^ui distance Equidl'.ianfc, by ilaelf, is a 
poor indicator of how round a reijion ia. Al the very least, n has lo be couplml 
with aoiEie connectedness tpr.sVraint on lhe boundary, in order lo keep concelilric 
partial circles from ncnrins a; well as an eiiLremely circular ellipse. In fall, since 
even blalanLly non-circular ellipses are penreived a.*i relalively round, it will not 



w-ort to injpcHe a requitemmt oF eloba] pquidislance, i?, ihaL all poinit |n the 

rofiion musl be flppro>:lriiatE|j' pqiiJdiaVant Emm tlic cenLer, 

The contrainl thai G«nia la bmi reflftit humjin pFrcepUon? a a rBquircmpnl 
thalpoiulgheJof^iiticloflptoequldijitflnL f roin Vhe cpnwr. Since (he repreflRnlBliou 
should bp siM-invariikJil. the nicaiure nf e-^uidisianrp should be nfprmflliip-l fnr ihi; 
aiee of ihe reajon. Clven ihal the boundant, of regiona fonn (nnnetied mr^ts, 
requirfns ihal Ihe local rhange m rBrfiua nonEiai;zed by Ilip radiui be small is 
equivaj-^m [a requiring the boundary tQ be approximaltiy notm^l lo the radius 
to I he <en[(;r. 

Tl K not possible Hh salvage any of the exari aolmions by sinoolhine the image 
flr Ihe boundariM fim, at kast Jiol by usinn ^n> smoolhing tef hnique that L ant 

aware of. The problem Is that ^uiftolfiiriE h only eJfp^Live at reiciovinfi detail thai 
ia much hiehei--fTequenfy ihan Lhe (*alur€ being dttPcted, T[Liia. EmoothlUE ran 
remove lhe offecti of edge texture, autli a^ aerralion, and IniaEe noip*. Ho^iever, 
arnoolhing to ftfrnove defHMuiitinn al abuul the same reanlutlocL ai ihe fcatuies 
you ivanl lo det«t de^lroy^ lhe very structure you are lookiue For. For fi^ample, 
the round end of a pear, a^ in Fifture 2B, is typkally not exactly circular, but 
Htnoothina it enoueh to jnake U circular »iJf aba smouih ii imo ihi pointed end 
of lhe pear In generaJ, iF a round region k itlarhed lu olhT legions of gimilar 
wale, smoothine its boundary tnough lo refiularize dtformalions in the round 
region vii]t also siiiaolh if: edges iulo lhe fldjarent regions. Techniques ^uch as 
the ones described in Poure and Brady (1965) and OrimsoiL and Pavlidis [I3&5) lo 
avoid bkedingof emuothirig inlo adjacent regions cannot be u!,ed unica the region 
boundary can be detected belori: ^oolhlng. Tbe boundaries oF round regions 
aFlen lonnecl amoolhly to iKe boiindaiie.^ of adjacent reE[ons, m !□ a pear ahapif. 
so Ihere is no obvious way to deletl region boundarieii prior l*> desir^bin^ [he 
reaiona. Furthermore, if Uie boundary of the region is broken up inLodisconnerted 
sections by altachmeilla, smoothing these wftiuns of boundary individuaJly will 
noL correct for any di^repancie.^ belwcen Loral tur\atiire in eafh fragment and 
ibp overall curvature of lhe .I'hole region. A good example of this is the oullme 
of A lemon ahuwn in Figure 25. 

3.0. Fining the SLH inhnlte degentracy 

One of the reasons for developing a new repreacnUlion lot round regions wa? 

because Snioollied l^ocal t;ynimetr> repre sen lat ions have infinltp degeneracies in 





pn ill* round f\^f\ *ill unuutEi tJif mnpJ rcgSciJL into tb± potbi*d iUiJ li !■ noi uhuj^uEi how to 
ill tht Louudary Ioc.udd II Ibe Ifrnt^Ti imafti;. 111* r^nirm bLiUndarwF dr. fimtr m puiola ijf litgli 
L|i« ItmuiL iM smogiJi^d ■■jJividujIly. Lh=^^LlJaioLcmTH:MorLbcov er dl1^aLLfBiTig^flh&rtekm ^ 

TDuft-l re-ftioTi^- fn addition to havirtg a represcntalion fen- thest regions, we also 
netd to ^xtpprcsa Smonlh^d LataJ SyinTTiPtritt wtthin 1.he<w prolltm regions. A 
round regioci such ^=: a circk lias an tnhnLlt nismh^r (or a very l?irge numbtf In 
a finJt^-rpsDluLlon reprp^plitian) of posibk SLS TppTcsErttatiMiSr R^Lher ih&n 
compulinR all of ihese possiblitles expl^ciUy, we sh*>uld d^l^?ct the^ casts and 
aur^rvjiira^e ihii poaibln^ analvsis. Surh a BummEimftlion would allow one to mtie 
on^ rd" the possible SLS analyses ^^alienl when ^ift^rnal tont^Kt prcrt-ldrt some 
inean-^flrEeltttLne among ihtm. For ft> ample, in thf shape in Figurp ^6, one axis 
of the round tegion i? made salient by ihe fact ihnt U is Jn line wilh the ixes of 
the lor.j; secuon-^ atiathed to the round region 




Fi^iiK 3-26. K rotiJiJ re^ici]! rin^^hrd tv two cIc^nEiicd j-^gion? THk ixu L-f Lb« tbrflU" nekiti 
ibCLt kF in iLne WiLb lliP jLn Railed rc^t&Bfl ^ made EiJtont by i h^r prearJCf ■ 

Forbidding all Sitioolhed Local SymmfttriBs within &n LRS region does not 
produce the perttpluiUly corn^^t type of EUi>pies&ion- For nr^iitinple, when ihere 



J^ a 



corner in an LHS reeior.. the polnlj SLS de^fnblng ihc termer i^ .^lle^il 
Similarly, whEn en LfiS re«r<.a has Iwq parallel flai ^ide., th^ SLS dt.«nt-iiia 

thfirrE|Mi<-n.hipmayalsQhe.;.Wl. t,Ei.Fe27.1,o»seH^npk^oFLhi. Silnijarly 
vhere J. a .aJi^iU SI,S bcL^v^.n adj^enl s,dE, of Lhe spSriJ in Figure ifi, aliho„ah 
ihey fotto pan ar the sams round regjon. 









ME .jliBut, dtflpiLf ilii^ Tl.!! ihat .Lf fpirjl ib ^ LR U ttg^a '^ 

Whal diftiinguLsKes safient from finn^salieni Smonihed Local Symm^ln^, in 
lhPiil!,.nfeofcxLprnafcnnlexl, «Em&l^ be ihat a Smoc^lhed Local feyionielry 
« .ull^ni if ii 5. ;^<,jj^ „p,,^^, Thai ,^ if you replace one of Lhf boundary 
points oE th. gymmelry with a poinl Lo *ilher ^ide oF i, on lhe l-oi^n^ary th? 
btal refieclfojiai s>mmelr> h^wecn llie^e ,*« poinla *.ill be martEdly further 
from exaa. The ^oi^-^fJenL Smoolhed Lotal &yn,ri,eLriE. occur when a number 
.f adjacETil l-<,„nclary points all have do^E io ei<acr. .>.mn>e.rJe. «iLh ihe saiDe 
.pj.o.itE boijTidar, poiiii. £„ch slt^aiion. can be derEcted during the compMatInn 
If Smoothed l^iai Symm..tries and ih^ .ymm^tries FupptL^ed m ^ prindpied 



DJanner. 



3rl0+ Future work aud fixlenj^opff 

There an; aevernJ f^hviDus ways In which Ihc Byina]eLrj rtpre!ientatianE prc- 
EETileiJ dl<?veH:i3uld be ext^ndcJ. FlJAti 1 iriFntsnriEd ihat SuiDOTheiJ l^fftl Syintne- 
try represenL^lions havE pr*>bltm& wiih Flraighl. Jinc segments hoEiridmg hift-open 
nzgl^na ihal are analoj^ous U> the problems wLili round rFglnns 1 have Used ihc 
problems with round regioni by d^velopinR a ne%v rcpre^rnt^ilnn [or Lhem. Pnr^ 
haps the probkFTiE ^^-ith slralght lines and halE-open rpgluns could also be filed 
by devplflpinK^rcprestntalion forEiratghl line ^gmFnts and iKe hilf-ptaneslhey 
bfflhnd and b> iicldltlg w^^y^ to delecl the ^orrespondinR degeneracy duJ-lne SLS 

computet inn - 

Secondly, an aiialoB of SLS a-nd LRS rtpresenlfttionF? should hE dt^veloped for 
reprfi=«niinfi 3-dimenslonal regionit of spacp. The obvious 3-dlcnon^ional anainga 
of ih^ y-dimtiisiondl i^mmeiry rc^LoJis are: 

■ round or sphErc-like ree><)n^ ^^al an> lotaily routional £ymmetrle.s aboul 4 

point- 
w dongaLed rejionE ihat art locally jotational aymm^lrie? about a IJne; 

• flat reflions th^t art locally rrHcLtional aymmetriea aboul a aurfarei 

• flat ^urfftceft th^t divide 3-apa^e (Incally) into two oppn regions. 

FinaJtVs we need to devolop a tKeory of haw ^-dlinensional local fcymmetricB 
ftTE computed on non-planar 3- dimemional EurFacei. For example^ ihe outsider of 
obJ^^Ld Bu<h as coffee TTLigs are often decorated with dp^ignt- These de^lgne are 
esatntlally S-diTnensional figure?-, hifct the HurfM-e on which they are drawn ifi only 
btally planar H may be possible lo t>iict^d the deflnition oE 2-dltTiengional local 
aymmetri^^ lo allow them Ifl he defiaatd for any sujfact which ifi close to pliniir 
wjthin the local ar«i of the symmELiy^ region. 



Chapter 4: Computing local rotalional sjmmelriea 

This chapli-rdeficribes lIif deiail^ ofan ImplEmpntrd algonthiii for compinLnB 
LflEal Rotfllionat Synmelry reaioua and allows lEfluHa of thiE algocilhin on grcy- 

scalo imaj^? of ubJL'cLB. 

4.1. Ovprvicw 

ThE input to tlip aiRfhrithiu a a K'-e>'Stak iinaRP. Thii image Is suiooihed and 
SHmiited To prndine H acriea of fimr and rnaraet KiSDliilinn version!, of l[»: Linage, 
fltnjiidafL&,ori*6Ji-n& are Eiiratrcd from PBfh of itiEa? imaets hy the edfi^. BurJer 
dMcribcd In Cfljijiv (I9aa). CoaipulaLiQn of Lu.al Rol^Moiial Sjininetry rPRiouE. 
proceeds from roarser to finer subIk. At each seal*, of re^oJutJon, 3>i.i[nel.r)ra 
are cnmpuied exliauativfly hplween all tiQundary poinis and all fenLerP that ars 
wilhin a lixFd search radiuii of nne another. Thus, i(ie exhaualin. c^imputaljon i^ 
tealrieled lo being local. The rfasuna for irpposliiB locallly on the .rnmpuljr.inn 
will be di^ussPd in Keilion 6 3. Symmelries are aLo mmpuled for centers and 
boundary poml:, suRgKltd b. Local Roldtional Symmitr, legioil!^ Found at tJic 
praeding Ifoarser) -tbIp. Tlip ou[pi]r of tho program Ij, a me of Local Eoulioual 
Symmftry Tefiion? ai e^th aiak of analysis. 

Compulation of Local RolationaJ Synun^Viies at om scale q\ resolution pro- 

cteiis in three stdgea: 

• For each renter localTon (in parallel), compun; a map of boundary points 

around the center, shoeing the angular d^viailOH fnr each poini; 

■ Compute the bpsi reeions For eanrh Cnitcr localjon; 

> From among the roBiotiF computtd [or all icnier localtona, chooie Ihc locally 
beat regi^ns^ 

Since the versiotia oF the image at difTerent i^ales are sampled at a ratF piopor- 
lional to the ratp oE Euionlhing, ihe entire- tomputaiion is ^i^e invariant. Thai ia. 

all paramptei^ of the compulation are tonatantt thiii do noi depend on the scalo 
at fthich computation IS beinR done. This computation j& ahown schematically in 
Figure 1, 

The real of [JiIb chapler hill he a derailed discussion nf how LRS regKin:, arc 
Computedr The Iwl oF topics lo be dLicuflStd include; 
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FifUM 4-1 Btaiik rlL^p-aJTl pE ^jniirietrj cantpJl^LLca Tut- 0111^ atrik c4 rcFLjlnlitj3L. For (iuli eerier 

locate™, tbt ati^Drrthin EiT"t ccmipiiHe ^ m^n ^' aiipuLar dfv^*t^cnl^ Jor bouadary polnti ^uuad 
The rcaubu from 41 tliec=rtt*rfl nre c^mT^bwl to find i\\P rcE"^°f Lhj^ *» kn^Uy ot'^iia*^ 



• cc»ni|>ijLmK the flyminelry map^i 
m evaJtJ^Lmg regions 

• computiJifi rejtiona for -5iich cEnt^r 

• nDD-maxunum Euppres&jon 

• evafualii^h of ^Igorithn] 

4.2. Mulli-jifalc input 

IcftalorcpresPTiUtlcnnscrfanimAgeat di(rereiiiscalfeii>rrcEo3ii|Loi] by sinwtli- 
ing til* e^cy-ac*[p imae* and sampJing It al a ritfl proportiona] to the irtiount of 
mo&tlujie Jone (ChftptHfrS-l compares thr. lypf afsmoothLnR Ia other meLhodi 
of f reatlcig rcprespnUtions at dcffpivni rfeolutJon^ ) EairJa imaRP is half the jtr^a 
ar the nexl^fljicr one and eatli pi^sp] in th* coanipr ^cale vtrtJon is n WE]aht.pd 
a^ETaee of iht pijfpis around the coFregpondliiE kcaiion in ihe next hnor scale 
veraion. The f^Le □( samplkne dnd Lhe elae atid shape of the smoolhine funttJon 
uacd to t.ranifwm the imFtge at ont] ica<pp inlo the Hmoothed bnitge at the next 
Milu are the same for all scale tj-aiisition?- This it required in order that th* 
JtprEsenlAtion bc zsliE- in variant. 

The funLtion w?ed f&r amoothiTiB the Imdfie Js a GauisJan- In the current 
Implementation, the Gausaiaft used ho^ a it of approximately \/3 pisels and is 
apprriximat^d by an l ]-pixe! ma&t- The coj-reapundmB saj^ple lat* ijwd for each 
dimension la i/J. In other words^ ihe area of the HajnplpJ image is half the ana of 
the oTiginat Im^c. The anioothicLg and s^mplin^ prorpa? starts with Ihe oriElnai 

inpulimaKeand<onllnuflBiinti3 the dLmeriEinnfi of the smooth eiijtnafie are smallej- 
Ihttn ihe ruMk size. Imasfla whose dimtnsinn^ are unequal are padded Co make 

them square aa the sniallpr dimension apprnarhes the mask size. This allow* 

smootlilnK to coritinue until ihp Jargej- dimcn:>ion is smaJhr th^ the inaak giM. 

Fordetaikd discussion of Gaua^ian nionvoluLiant-echniquus, issues of noi», sample 

ratea, Md ahasine, see Growk^y (19S2J at yd Can n> (1933) The «t ^af smoothed 

and sampled images for a dram strainer l« ^own in ftgure 2. 

From L-ach of the smoothed Rrey-scale jcna^ea iu the set, 1 use the edge finder 

dEflcribed m Canny [19^:^} to extract the lotations of sharp thaneefi in the intensity 

of the imager The output of the i^dgE firi<ier ts a act of pixel locations at which 

Ibcfe is an edge, tH>gclher >vith the oj-icntation of the edg* at that point, [n th* 




FiBiiT*^! SmocUird Eiad Eimpl*J imagrt foi ^ P"iii« L.r ttdriir 'iraiuti- Tiif bra"! Erry-Jiil? 
Irnifc i" 111? -n-jBiiiil pitU" IrcDL Hl^ famora. F-«b uE [li^ dhrr Iiiii.e"b w-^ nblajiLcd Iram llis 
pirvlcmt mi* by bUHOQltiiiir "' ^i j B'l'm"^ ""^ "'"pUng^ ^ . 

furreni Impkinentalion, edae Iwalion!. and orienUiiona are ^ioiecI iii an nrrJiy 
of the Mtne iiae as the criRm^ imase and llie local ivmmetry cakulatJone ere 
d->ne direcVly Iwni thus aiifl>. Tlie ecSfte Finder reiiiruE luietionE wli<:n.' (he edfte 
stien^ih ia above fl hxcd thrrahold, *i[li aome hj^tcn^i? Ln ^rr^mrige conneclod 
boundaiiis. [i i.hn picjvidea informiLlyoii aho»it iht rrtflgnitude of the intgn^ily 
chanRP ai "^ifh eiHRe puiiii. but [ do UOl (I^p LhJE illfurmaliDn. Thf edgp fmdizr 
dpairibcd by Canny tan bp riin*itha rsngp afmask sizei- Since runninfi Una tdge 
findfT VHJrh a InrRPi mask ^i^ '\s equlvjilfui lq ?rnootbinft and iduipling iHe Jiiiaee 
and runnmelbfledBC finder wiLh a anifillprmi&fc&iie, ihp smu^jthiriR ar.d Mmpllng 

iloQc lo create ima^^s al rnaract itak^ achieves ihe Mmc clTi^ct aa thangiJiE the 
maak ■^liiP oE the i^dfte finder. Thus, th*' <^dge finder Ja run wUh i single fixed 
mask ^iap (W piitels}. The edacs for i"he auioothed imaRci in Fiftnre ? are shown 
id Figure 3- 

The boundaries found by this edR« fiudei are vorj high qualHy. t-urlhemiore, 
ihe boundaries aw ihln That is, Kcaclly t»o of ihi eighl neiRhbors of en pdRs 
localion in tlie middleof a boundiij ml] be marked i^eds? iDcaLlons, ThpreToi*, 
exlt€T"ely aimplB alEorithms can be UBPd lo exlrart connetled houndiriia Trom 
thf act oE pdR(] Lucatlon^. Howe^'er.the houiidane^ from nn linaR*' cf an ohjeci are 
not giiaranlced to be Eimple closed curves, Thpre may be intpmakolftl boundario* 
in the inrnge, producing 3-way joins lTi [he edRPi. There may also be ftaps in ihf 
bnundorip^, parlicularly at sharp corners oE regions in the erey-ifalp [ui^gr. In 
addition, bauiidaries may run off vhe edEcs ol thp im^B^, Th«e deEccta do nol 




Piiri* 4-3 The cigr^ r^iracl^ Etd^ llm iipigsH iu FiEvit 3 by tb? edgt findn- [JnrFtt.ri m 
Ccinnj (lOHl) Tt*M rdgn rrprfBi^nf Lkr localiant nl jlmp chanEHB in IlLttniily m I],, Hi*T-"-aJf 
ibrngr. 



nocpsaarily rppresent prohfema with ihu rdRe finder; vhey occur m line <trfl«Jna^ 
V well. Wc have not found any way lo robuEtly revive 3-v.ay joiui and gap* In 
a wfly thai Is conFi^ieriL wJth peciplp's j udscni-^n is befon.. llip i^hapGi of reeiofia 

have been dacriheri. ]i may t^euluaJly !,(■ poaihle w irsoKe "inme (rf Lhc gaps 
and joina it, early (jroce^jng, jujjig fatip, atPOUL Ihc arjentaliuii of boujidduw thai 
■Orel at an inlpraeclion or conit near eiLch Olhvi aL a gftp, However, il la eIfp 
Ihr cflEP Ihftt rcptiz&eiilat]ons of bltape utrnj smoothed locfti syinuieiriej: and Loral 
rnlaiional syiiimLEriK, fan be couipnLed wiihoui lirat resolviiiB all gep& and joins 
and, indeed, ihf shape repre^enlatluni may provfde addiLional liiforniBiion aboul 
hfpw Raps and joiria sliouLd he resolved. 



4.3. CumputiDE lofal rtttntioaal fiyiiini4?Irf» 

Compotatioii of beat symmelties is done for a\\ cenlerfi and houndarj painffl 

ivilhln a fixed seatch radiua of one anolher. Currently, tho ui^simum distance 
l»t*een cenler and loundary point is 6 p^el uiiilb In other ^ords, in order to 
be dclKled, a round region muR^ appear and gel a fiood evaluation at a stale U 
which il iB no larser than radiuH 9. If ihe region ii^ a full round T^Bionwilh attoaed 
Ujuiidary. Ihin means lliat il -»ill hav*. approximately 5Il poinli in iia houudari. 
Increasing ihe eiJiauBlfve search radiuj, allo*>» ih*. pMngram lo find inctpafiingly 
more resion^. Theae dddiLional regions are resi(>[ii -hich do iiol survive sriiocth- 
mg ipVCLI, j,uf h fti regions 'Ahtse ]>0UILd^rieB are disrupted hy o-:cluaian& and thin 
reftions such as rinRa ajid spirals. The ouipuL of the program is not aensitive to 



the pxflct Httling of this panimeler. 

In aiWHion, Locil riyrmnelriefi drc ccmiHUleil for pain^ of centers and boundary 
points BUftjeEitd by ^^?elon^ fnund at th* nexl ro^rE^r scale, Givfn a locaiitpn in 
a finer-Stale imaaCi the con^q^onding lor at inn in the nest coarEer Bcalc icnage 
can ewily be twnputed- Since edgeio may drlfl somewhat btiwetn acalefl, my 
program allows tivo extra pixels in eacrh dimension foi drifi bflwce]i two adjiiceiil 
imfLRss [i.e- 2v"^ times the Hinipling rate m eich dimension)- The amount of 
drift allowed wag detprmicn^d by experimentation . Any ed^e in a c&rn^poridiTifi 
IncatLOn l3 con^iderEd a mitth for the coajTsC-Sriale ed^e, rej-didlc^S of nrienlaL]on. 
Since the LRS compuiation ronsiraLns the orientation of edge-? in l-RS reE^uni^, 
Ihia iicnplifiniilion ie not a problem. In a njore e^n^rai ii-iLine, orientation would 
also have to be matched and mor? detailed figurpE for possible edgp drift (possibly 
takidg into &frount tdfit strenfiths) iniehl b*" npccssaij- [cf- Canrij 1963). For 
eacJi toarse-arala rcgkOfli thf flpts of htie-acale loraLions corresponding to it^cenl«r 
aTbd the Kl of linc-seale b&undary points rorr^^Epociding to ita bomidariet arp 
computed Sytiimetries hptwe^j] these center locations and boundary poinLs arc 
computed at the fine grak- 

ComputalLon of loc.il rotational syTunietFif^ about a given center location Is 
dcjne on a digitized map of boundarv point Iwations atound thai cpnt*r. Foi 
earh boundary pointy the algorithm compLil^s the angulitr distance bebwe^n the 
normal to ih? boundary at ihaL pobit and the radius from th^ boundary to the 
center tofatimx i-c. the amount by which this section of boundary dciniate^ fmm 
HJi exact Loral Rotational Sjinmetry. For example, con&ider a center location in 
the middle of an Image of a lemon. Figure A i^ows the anguiar dtvialions for all 
boundary points in the figure^ relatlv-e to this ctJiter location. Figure 5 show^ the 
bat connEcted boundary thdi the prc^ram currtputed for thcit ceaiter ]f>r&tion- 

yiEun> 6 shoTi-? the best connpcted regions for two other center locations In 
the lemon ifnage, How well cenler locations arcount [or a region decrcaas slowly 
BiS the location is icaoved away From the perceived center of Lhe region. Cenlflr 
locatioHK near the percp-ivpd center of a refiio]] gener&tp candidate regions which 
ha>e fiood LvaluaLknB, though not a-^ Rood as regions fleneraled by the pErcel^-td 
cpnter. The righiliaiid i^enier location in the figure illoitrateg the Fact that even 
Ipcailons somewhat displaced from the perceived center of a region will generate 
tegion descriptions similar to thow generai.ed by the perceived nz^ntei Cenler 
locations that are far from perceived rentcrt do not generate region^^ with good 
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Fi(pir> j-^. TlK bg^ wnntictcd bojndary i:DinpBt^ Jur tJi^ ctHLer UM^atjcip sh own in figure 4. 

evaluaticniB, hs illufltrated by ihe Ipflhund tcnler locjition. 

In a map oT boundary point loc^kLiojiE aboul ^ tOJitcr, e&rh boundary poinl la 
i-tpreEfliited by Uax-andy-displatemcnifmni ihecejiier nispla^emtnLvatues aw 
uwd raLher l.han patns uf ajiftulflr position and radius bt^iause th* displacpjiient 
values are trivial ic ^omptitc: rrain th^ center locaUon and tht orifiina] edge tnap, 
whtTsa^ atturite angulflr pt>sit3&n and rftdius Values are expi^ns^e Lp compute. 
The computatLonb thaL iiped to be done Effi<^iently from thie dala slnjcluT? an^: 

• LomjiuLe the apprHjxiirjaLe rftdiu9 fcsr ^ boundar>' point from its x- and y- 





Fcffur* 4-9. Tbc- b«L baund^icn Tar O^o atliflr qrpin- ImziiiLHii in tlip Icifob bjurc- Tfic ce^le^ 
locat Lena arc m arkcd with Jtara Tli* Ijr.qni3j:r^ on Lbc figtl w*^ rompqtfd f4or a ]a<-ar.iDh Ilel^ thi^ 
pfrfc«iv(d cfnlcr nf Lbc E^ure in J H kf vtr> ^mtLar to lie bound fuy c<imputfd fnr ilic perceived 

Cttter. Ttf bi^itndir^ an ttt l*Jl T*B C^mputwl fur a toc*t]oil fjnbn- ^w^X (ram Lb« pcr4:EJi>ed 

CtEter JJI J b^ a miicb laW^f^vaJ tJ &MOl ^ 

* compute ihe ^pproxlm«rt« anR^l^ pMltioJi of a boundaj> poij^t about the 
center [ttdiU lt& X- ami y-displacenltJlts; 

■ cuicipule Ihe ftngular d€VialL4n b^tv^een the uornial ko the boundary ai a e^iv^a 
point and tlip radius lln^ from the cenl« to ihat point; 

• eiv^n Lwa boundary pritnl locations tlial are rlose in angular iwaflion [icn 
much less ihdn ISO d^E"*"^! deltrdiuit ivhkh potnl is clockwjae of the <Jther; 

» eiven & houndarj" ptunt localion, relrieve nearby boundary poiciL Lotitlont. 

ThcEU]B^lardeviftt]Qn!sllbcbasic measure of roLationa! symineiTy for a boundity 
pchinL ilout this tenler locatfon. Ab]Eity to retrkve nearby lof aii^nE is needed in 
bullying up connected boundartes of symmetry r^ong with this center. EVnund- 
arits o( LR-S regionB iM conatrain^d. not \^ switch ^n^ular direttioo. Since It 
ia prtihibltjv^ly eitpenEtVt fco Compute H^cUmtt valu^ for the ansLjIar position of 
a boandarv poKitiaci^ rtlative angular po^Llons computed from absolute angular 
posiljons &re not reliable for points close togelher- Therefort, a separate np^r*- 
lion is needed to checik relative angular position dunnj" the prH>cp?& of building up 
copnetted boundiLrieE- The appn^ximate radius and angular position vaLuct are 
used for describing aiid evaluatinR reRions with Thi^ center 

All of Iheae computation^ ran be done extrn^mdv cRiciedtly. Calijulfilin^ ac- 
nirftl* radii and angxtlar po&LlLoni from di-^plafprncntH ts computational I v expcn- 
HiTe- Howevcjp radiue and angufar pH>5Hlm for any dispLacem^l values tan bfl 



pfitEmalied using precompui^ tables for iMilioJiii ^jLh amaJI displM^nionts {rur- 
rtnily up lo 20 unitt aE dLspWpment jh ellhtr dimension)- Al^tflutt aii^ular 
pa"=ltii?n does not nted Id be pariirnlarlv aocuralci since there h a ^ep^^Le op- 
^raLion to detfirmme relative angular posilion- The relative ajiguEaj- Ja*-&iion& of 
LW[)pAintAC4n|i«c<)mpuEedqLJjtkly bj dcrecLly romputrng the sine of Lhe angular 
distance between them. If ihc K- ijid y-diBptacemfJits of iKe points a and fi are 
<iji a^i, ftj and ftp, then tx5^ - Oaft^ Is tliti Hrne of the angle Irom u to &, timefl 
the radii from the center lo both pfpinls (i.e. the maRuitude of th^ croaa product 
of the ve^zlor* frttfn the origin to a and b] The sign of this <tuantity indicatEii 
which point is tluclnA'lse of the otheTi a^iirninf thai ihe points arc not tlose to 
ISD degrees aparl. {Thert ma.y te eimilarly effinilertt way&for dptermlnlftg relative 
radLu? for points near each dther+} 

The majorny of cent^ir locations r-onsidered were not neAr thec^nlersof rcEions 

ftl Ihfl previous -^oarsLr Hciie, so the only boLindary point locationf. l>eing comiid- 
ered are at locatiotis within thp fixed exh^ualLVe search radius. A gmall number of 
center locations are ihc centem of nxsarser^scaJc rt^ions <tnd have boundary poem 
locations at ftj-bilrarily largo dielanres from the center. The data ntructure used 
far thi& computation must utiow elhcient sLor^ee ol boundary pointB for cenLet^ 
with only local honndary locations^ whaLe also allowing storage of boundary points 
further o(F Eor those u^ntere that have ts tended raTTipuiiiions. Por any renter, It 
must be possible to qulrkly retrieve locatEons adjacent to a given boundar>' point 
lotatloct. [n order to be &hle to eflij:lei]ily tract connected boundaries- In the 
CUftCnl implementationi the map of Injundary points is stored en an array plus 
a liat of points outside the bounds of ihe array, liiltidilj, the array size is se-I &o 
that the array can hold ej:actl> the points wjthin the current exhaustive search 
radiue,^ When a map tt compuied for a center with m^ny points beyond lh\a 
r^diuq, i_e- when the program found a region v^ilh thiB center at ft coarser scale, 
the sjje of the array is adjusted so that only fev^ points lie ouLside the array. 

A Local Rotational Symirelry region computed from a deviation mip ts rep- 
resented b> a center tocatlon and an orrfered list of boundary point lo^iations 
goinRrounier-cloctwIse around the center. This llsl o^ points includes any points 
hypothetiiied to join disconnected sections of boundary and thns points included 
in the boundarj" are rnaiked as ^real" or "hypathesijed"- Since the£e connen^d 



' Tb« cjrreiLE unplcinEnL^JDn mw^ 4H|aAr( H^aiEib afe^ raLb^r than 4 rouTid lhic, ior pm^rim- 
mini ccmveiiHiLct 



boundaries are compiled from ihp devialion maps, the boundaiy poii^tE arE rap- 
itaent^d 1>> X" and y-diFplacemenlB tiom the tenter- From Ihis repreaentation, 
syfubolic d^eniripli^nn of Lhe sorl decairilHed in Chapler 3 could easily be coin- 
puted- Tn fart, BDtne of the required rompulation^ ft^K- comptiti]]ft the rang* 
of &nglfia cnvercdf mutt ilreadv done in order to evaluate how eood d propnMed 
region IE. 



4A. Evnlualing rtfiioDfl 

Tnform rotatLu]]lit syninMtr>' regic>n*i from bouriddry points In adfviftlicjn mapt 
*e need io gather connected Jiurvea oE bDundary points th&t form reftionF Ihat 
art ab fiood lu poasihle- The ftisL [esuc involved in finding opiiTnal reKions is Lo 
canie Up wUh an e?:act delinttion of how regions ire to be e\'ftlLiatf>d_ As described 
m Chapter 3, ev&lu&liop at a cunjie^ted boundary around ^ ce^LEr involves lhe 
following f^tore^ 

* D: Itie average oE Lb* {unsignedf Jistancps between iht normals at poinl.i eiIotib 
the boumJary and Lhi: corr^^pondSng r^iii 

■ A: lhe angular length of the boundary, in percent of a CL/tle; 

• Claastfication of vphtiihcr ihe boundarj I-h open, clc^eds or spirata. 

The angular length aJid lhe average deviation irade oEE igalnjt each olher^ so that 
& short region with exLreinely small de^'ifttion and a lon^^r region with larger devi- 
ation are abciul. equally acceptable ExponnLcntbJie with various way& d\ combin- 
ing Ihwft lactois Hugeesled that the two factors fehould be related mulitplicatively^ 
in order to encourage rcgLons which wpre Rood ijd both crileria, and ihal thE avo 
age deviation should be weighted E^jmcwhat lesj? heaTnlly ih^n the acLgUlar l<inglh. 
In order to ktep spiral"? fiom haviuE exlretnely htgh evaluations, I bounded angu- 
lar length fur Open boundaries at yo t^ertcnl of a tull fiiclE, So a spiral Is evaluated 
as if its length U at mosi 324 degrees, even if it t& rEalJ> muth longer. 

Since the boundary of what is perceived a& one round region cnay be broken 
up into dlsconjiPcLed sections of boundaryn e_g_ by wclusiona or atlarhmenLs, the 
process oE Rsthering connected r^rvps may involve hypolhegizin^ new boundary 
pobits to Eill gapih in a niune. Therefore, another factor in evaluating a proposed 
region fcB hdeiity to the input data. A£ an estimate of fidelity, 1 use: 



■ R; Ihp ptrcenlflge of poinls in lIjp curve ihal use real Loundary pDinT? fouDiI 
by the edge Budpr. 

The current evaliifltlon funclinn fumlimM ihls Eacior addiLively with the nn- 
guJac leji^ih and dEviition lecm. For a cJctwiJ boundary, iht evaJuaLion »; 

■ 75+50 ('°° I' ^he valuE of A, the pErtenlaee dF Lhe aneulflr leuelh of a full 
Cilcle far any tinwd houcidarv!). 

Fo|- an optn bDunddr>', Iho evalualinn a: 

The conalant deterniEUiiiB ihe bdanre berween ibe e^^luFiLion icrm and Lhe 
fidelity LPrm ^as dptermJUEd by e:ipcriinpntallon. In onlet Eoi a reeJon lo he hdii- 
sldtred mininidlly affeptablii. ii^ evtlualion musl be over a thrP^hold, currently 
7-0. RuuumR '.ht pmprflm un Examplcj EuiiResled thai Lhi& was ihe a|jprD>iiTiiaLB 
lofBlioii dT lhe cut-off hplweeu rPRion& ihal aeemcd perfeptually j>laiJsible and 
TEgiona thai didnH. Wegiona ueai thi'i cut-olfFeemtd marRinal. It must ^Im meet 
ffli-imaJ requirements on angular length ahd devifltion Cnirenlly. Hip minimum 
anRuliir length ]^ I0 percent of a (ircle ^n-d i[le ma^^imum average deviation [E 20 
degrees. 

In fKt, there arc j.vo wayi, Ln whiih a boundary poini t^n be hypothftlcal, 
mth^r ihan a real boundary poml oFthe ari^Lnal image. rirsL, the original image 
miRjit no( have hfld ^ point at that location at all. Secondly, there mlglil have 
been a point Lhere, but nol wilh the orientation assumed in the boundary In 
other wordj, id the Mcond ca^e. the algflrllhin i^ assuminft a boundary' poinl 
where lhere ^H.^ one in the image, l>ut corrwilng ihe onentalion to aemelhina it 
prcfErs TKia happen? frcquenlly in LhE current version of the code. 

In rasH, *heje lhe program correflfl ihi orienlatiun of a loundery po^nl or 
in which it hvpi'llie-SJZea a new hourJdary point aL a locitiou vexy cJow lo a real 
boundary pohii. iL i^ not obviniifl how to inlerprel 'fidelity lo lhe inpul dala". 
One obvious way io measure fidelity wonM be lo say that such points are V^orse 
than real boundary l^oinls, but belter than houndiry poinls rredtEd out of whola 
cloth. Alleinalively, one rould .ay Ihaf since the preeram is w close Ifl using a 
real boundary point, it should be Nicoura^ed to go Lhe ivIioIe way and „5e the real 
poml unaltered. This view liinnunls to sayinfi that hypoth«ized boundary pomlt 



arE iTiDsL acceptable whtn ^ht^' art r^Ot nebr rtal pmnta. My iifiprcs&Lun Eram look- 
ing Ri ihii proiyim'a Kault& Ls ihat thiftseconrf jneihod of c\'iiLuat]ji£ liypoLhctictI 
points is ptjrctptually correcl, hut this h s maltpr which need* irn>rt detailed in- 
vtstlgatlon. The currenl implementalion ireits all hyp&thtttcfti boundary points 
as e{|ual]y bad, ivith<7LiL LaVin^ arcount ef cloK^ndss to Kal point";- 

FinaKy, the avftrate dc^'ialton and ihc pcrtentafte of r^al verms hypoLhellcal 
points were computed rclalLve lo the leJiglh of the houndRr>' ciirvt- It would also 
have been puisibic lo tomputf thera Tclativf lothf ^ngle spanned by iht buLl]]tl;try 
rnrvr- The diff^rtnc* between ihtse two formulalions will be most obvious for 
regionF: whose bo Lindiarict Spiral, eothat the relfttionship between bouiidaj-y len^lh 
and anf-ular lejifilh changea drastically bel ween different BectioJiE af tht boundary. 

RefiniriE ihe methods 4^ evalualLnspo^&ible renLons so that they match hum^n 
Judgomenls is a matter for furlher le^earch- CaiDparinfl ihc results of the current 
jjiipleroentalionj presented in Section. ^rT^ to my own intuittons suggest^ thai the 
current fvaJuallon fvnclion does not welghl Cdeltty to data high enougb. That 
jSh the program wems to have more &f a prtftrtncc than 1 do for ^correclLOfi^ tlie 
boundaries usinR hypolbeaijed points, ralhtr than foKowtnftthe en put boundaries. 
AImt in lookinR at the program s analyaefl of oval nr elUpse-lypc shapts, It seem? 
as if the relative balance b^'twcc-n angular length and averagG devtatkon t& not set 
exactfy riftht The pragriiiij analyies some shapes as one rcsund region when I 
coneidf^T them on the borderline betvi'een a lonR reBion with round ends and one 
round rc^iun. Ill this caae, the beha-^^ior of the program b qualilatively correct^ 

but the point at which It switches from one type of analysis to the njther is wrons- 

The locitiotiof this chanfte-overpoinL is determined by the relative balance of the 

angular length and average deviation termi in the evaluation function- I>etalled 
study of liutnan perception^ of these shapes would be neceaaar^ to cnake tha 

prugr^iLn^s evaluations exactly match huthAit JudgementSr 

4.5. BtJildmg conncK:led region^ 

Given a fuchftion for evaJu^tlng h^^^' good a regioct ij^ the ne^t step ts to devise 
an aliiorithm to bulld optimal ^onnpprtpd regioci boundaries from the points in a 
deviation map. The al^arithm ttiat I will describe is the one implemtinlc^d for 
this Ihesip- This alKonthm doca i reaaonahle Job of producing optimal regions, 
but the technique it uses Is only a heuristich ft is also likely that mathemati- 
cal analyMS of the probkm of rrpatiTig reBiOnlr ind flJldinft locally oplirnat ones 
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VniLJ resuk in raoie ekeanl, prnvably torrPcL, pusiibly more eJRdent ftlgorLlh 
for ctrfripiitiua sjuiTTiPtry reEion^. Tn particular, ll iwms ihai iht nTtulatisflliou 
method. (lis^ufi«.J by Torrt a»d Pnggio [19S4} or ihe opiin.i7aiion melhon}. di^ 
cuascil by BUke |n>fl3a, l9H3bj lliat Ka.,e hwu used lo solve prohkras in low-|eveL 
vision inishibe appljccibloto IheLRS oplimizaLJon prihieni. Allernatively, JL may 
be puHlble lo directly construct a pro™bly optlcnaL fllgorilfim oppratjne on Ihe 
diacrele set ororipnied edge loceiions. Thij, \a atopic for future rcsEarch- 

In ordvr to psplsin the implemenL-id ilRnrithin. fiuppnpe, for ihp moment, that 
Ll was possible to uae sunn. Eix-wl threshold on deviation from nurma! lo deiide 
which boundary points tbould he intorparaled Into Ehp coniiectpd regiont. Tn 
this casp, an aleonihm doiiift almoFi the nght thins ^tnuld firal gather ma^iimal 
cdnuecLed houiidflriei from thp poinli belter than the threshold, and ih^n altcmpl 
lojoin thpends of Ihese houndari« into boundflriea ihat are as [ojib an poaJh 
Ab described in Chapter 3, there are a vaiiely of coiislrainla on possible Joi 
betWH^p two pieccb of bonndary: 



e. 

OLns 



' The points hypolhesJZed in joining the Iwo pieces of houffdarj should hflvp 

deviations betler ihsn the deviation threshold, 111 order to maintain the lon- 

Biraint Ihjit ihe deviations ofa region are belter Vh*n Ihe ihrn'thuld; 

• It is only plausible to join trto boundaries if the angular dielancc of Ihe join 
\s below about 40-5{f degreea; 

• If the Jjlece or boundarj' hypolhmiied I n ihe join is long compared to thp pieces 

nf boundary being joined, the perteulaBeof Ihe rtauUing boundary that la teal 
«ill be low enough lo neRale the advantages of julning Ihe boundaries; 
■ The angular Jejigth of the join should be small romparcd lo the lengths of the 
boundaries. (In the current impLementallon, it must be [em than the longn^r 
of Ihe two boundails and fta than three time!, the ictiKth of the shorter.) 

Oiven these con Pitrain is on when Iwo pieces of bouEidaTj' can be joined, ihe cur- 
rent implementation uses a Rreedy algonlhm lo produce ihe best boundaries for 
a liaed de^'ialioii threshold, b'irat, maximaJ coTinflcled boundaries arc exlracted.' 
Thrn, the algorilhin sUrls ^'ilh ihe longe&l bo[indai>' and trie^ lo join olher sk- 
tiona of boundary to ll, starling with the boundaries whose cuds ^.re nearest. It 
should be naled thai In order lo cloae boundaries! when appropriate, one of ihe 
eandidales for jolnitiB is ihc other eniT of th^ longeiil boundary. CunEntly. enda 

All Ittrst hnnidarie? gi i:niipii*r-7lci(.kwi.r annad ttr crrmr id llir i^ann 



AT^Jotn^d T^'lth a^tnielil line wgmentT an ap proximal ion whjch ii rtlathizly trudt 
for large gaps. When a plausible Join ir found, ihp two buLindafict are merged and 
the procesy w repealed until either ihe JofirmI boundary is tlosed or il c&nnol l>e 
jom&d to anythini; Else, a.L which poinl it is rtrrtovcd and the prflCfl3S i? repeated 
on the remaiiLinE ^l of bouiidarLcs. This algorithm Will mtK ?t?me praaibi I it ies 
for crc^kting houndariL^ htit e:<atupl*, the overall nplimal honndar^ for a seL of 
;>omt* may involve joining boundftrieJi whose pnd^ ire not locallv the best pair to 
join and h may be made up of gecdona flf h^jundaiy which are HiiiaJler than the 
maximum connected sets of boundary points. 

In facln il is not possible to impow a lised threshold en angular devialionSr AtS 
dewribed in Chapler 3^ the optimal bmandax, for a tenter maj invotve allowing 
in some points with hjid devtatl^nR in ordor l-o be *ible to join the poinie with Jow 
devifttions inlo lonji bnundariea ThuE, my prugram Iterates ih? B-bo^e alRorithm 
for findinR reGian:£ o\'€r a series oF Iftrr-sholda on ihf angular deviation- {The cur- 
rent implemcnidLicni atcps froiii 20 degrees to 50 degrees by 5 degrte ihcrementB.) 
The candidale rfEioiis for a g'^cJ^ center are all of Ihe rejiLDn& Tor All choLi:i«fl for 
the deviatioj] threshold Again, ihls algorithm i^ nol ^uirajitted io find the op- 
timal lEgion fot a glvea tenter, alihoiagh empirically lI doc* a reasonable job. A 

further problem with the algorilhm is ihat it serais Vo be doing the s^me work 
/nore than once. SpeciticallyT when aji optimal sel ot rvgioni have been found 
Ljaing only points meeting a regtnrLive thrG&hold on lingular deviation, it seem? 
thai it should be po^ible lo ezicnd thii solution when the derialion threshold is 
related, ntlher than computing thtj regions for this new threshold entirely [rmn 
acral-ch. 

Trying to develop an efficient algorllhm for compFiting provably optimal con- 
nected Te^ion* ii a lopic of current research- As discusced in Sei^lion 3.6, the 
current alnarithcn uiws two distinct measures of fidelity to the input data, the 
ppTcpntaK€ of real boundary points in. the region, which is a global m<:asure of fi- 
delity: and the length of th^ join between Lwos^ctloctt of boundary relative to the 
lengths of the two Mrtlon& of boundary, a ^OCal measure of fidelity. Tt may be the 
case that the local measure is sufficient to account for the perceptual data. Note 
also that joinfi at^ re&tri<ted to 1t)-fS0 dejcrees in length. These two Jact5 together 
Euj^gebt thai the process ofcreiitinn connected buuaiJani-s may be restrlrl^d tq 
considering only a S^ai iPinifciiircif the map of boundary pointji when it is creating 
optimal joins- Such a restriction might inalr it easier to de^^elop dirctL optEjiial 



&lEorithm5 for husldicg cnnnertfd boun^lartes. Fu rt hei m->rL , UiLa locality Jnichl 
accuLinl Tor the prefert-Jirc for <^ltjwd bo-undarie&: [t the atguriLhin only looks ai 
a SHieIL area aroun<[ tllt gap betv^een t%vij Jong sertion^ of Inuundary, 3t CiniiDi 
tell wheLljcj- the far pnds of ihrae pietPE of boujidiry art connected ur not. Thui, 
the Eajne procediLre that connectH two disjotnl accliunfi of boundary would alsb 
connect two ends of ihe same boEmdaj>v bec^u^e ht cannol distlnfui&h the two 
sj LiJ at Li^Il? . 

4.G. NDD-nidxIrriurn supprosejon 

When cnndidatp rcgioris have been produced ft?r th^ cei^Ler^ in an iitiafe, the 
IcKally optimal regLOcis must he elected. As 1 poLnled out In Chapter 2^ /vfiions 
comptJltd Eor centers near I liG perceived center of a region may b^^ relatively good, 
thoufth woi3e than the best region for the perceived <^enler. Further^ for t^^h 
center, we wUl in general gcnuraLc a number of n^ions which art! basically airailar^ 
except for small v&Tiilions in choice o[ boundary points and joins. Therefore, h 
is necesaarj- Lo euppreM reeions which are basically similar to a better region. 

The importaTit issue In suppres&fng sub-optimal regions is deLer-minlng ^Ker 
CD consider two regions "basicil:> simblar"^- U !& not obvious what the pen^eptu- 
aJly correct dtflnition ie and I will dlicuss the m&tlti In more ddlall in Senition 
SJr The tLirrent implementatton considers a region similar to ^ belter regloih 
when more thin 50 pernient of its boundary points he the Jiame as thE boundary 
points of the betltr reBi^nr Nole that thiE definition Ta not Es^nm^tncai In its two 
HRnmenta, ThuSn a lar^ region and a bfitter small region. m*y co-exist s^en if 
they o^erln-pr An example o! this situation would be an analysis of an oval b^ 
ont large rotind region co-exigting with analyses of its tnd£ as being more CCM 
herenL ha]f-ronnd regions. The algoiithni ituratively "seWtj the best region from 
bI1 regions Rsnemed and r^mo^e^ il amJ all rogions similar to It from the list of 
regions. The end result Is a pmned fist o( distinct optimal reglons- 

4*7, £^aiupl&^ of O^itput 

This program has betii mn on over 30 Images nf objects or group-^ i>f objtctE- 
Tte eKamples lihown in this section were chosen to illuBtrat*- typical behavior 
of the program on diverse types of shapcE. Theji show cumplf^ It works we]\ 

on, as well iE examples oE the type^ of erroni that the current imp lementa Lion 
makes. The reader shoiiM bear in mind that the input grey-scale Imaget have 



nol been dttjilay^d at fi]« resolution and ifiit such linaREt reproduce pDorl>- 
Thia^T ihe rt^lon bnundarn-B shown ^te a better in^Hox of Lht inpul resaluMoti 
thftn ihe arey-scak imaEcs- Kscepl where c^vplkitly TnenLiocLcdn aH LBS rei-iont 
fecund by theproRTamart shovrTiJnctuJtii6reRioTi*iBE]neraled hy fine-scale tluUtr, 

rtfltttlonsi ftTid Ehad->W6, The^ dnaly^s v^-eie iJL done with ihp ^^me scLrL]]^^ for 
jitl paramet€>r5 oE the algrHnthm- 

Thefim esftTnple. &hownln Figi^res B l(> 11, ^hcws ihc full muHl-Fcale analysis 
orLh^zSfHannerwreniih imftgf showrianl-keure? ThiB example i I lustra Lcsi-^hal th? 
nmlU-stdle LBS analriiii of & shape lt>oka ]ikein fuHetir> dHail- Boundary points 
ftje drawn as open circles whi>se scsc Is proponional io the aTnonnL ihe tJiiage has 
be*n smoothed- {ThJs t& a graphical devlre for making blurred boundaries Ionic 
appropriately blurrtidj When LRS j-egiona are shown, the boundirj- of e^eh 1-RS 
region is indicated wilh fil^pd circles, points hypothesized in joJns ^^- LiidKal-ed by 
large open circles, und the orlgma! boundary poijits arp indicated by small opnn 
circles- The size of th^^se points is alao proportional to the amount of EmoL-thuiBr 
Seletled radh from the bomidary of the Llt^ regiori to Ils «nler are also shown. 
As you can see, an^lyset vaf>" mor^ or Icks smooThly betwt^eri adjar^nL scales, with 
occasional sharp rhanR^s as ne>^" d^taJJ, suth as the tut-ouls in the jaws of the 
wrenchi becomes visible. 
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The rest oElhee^ainplct will only be rsln>wn aL asingle SCftle- This is general ly 
the Finest scale lo whkh the anal>sia ^^ n^n, with the eKception of a few EiRurcs 
whose boundaries were nnt detectj^d by the edge Bnder at the finest seal?. Figucea 
12. 14, &nd 16 shovj jrev-Kale iinagfis of figures with one round or oval region, 
of varying proportions- FLgiires i:!. 15, and 17 shaw Lht LRS ajialyses of these 
figures. For figures which are clearty one round region or clearly a long regitin 
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E^ure ^-fl Th? tkOuiLdane:^ anJ LRB i^ghjos of tlit ?p.inTicr wttdcJi &1 tlie iiMt lbr« kiIm- For 
r.r Lbt LRS regjoii t-^ it» ctniw Ate filfl&tlici»n Tht si^t c-f rifi']« rpprwwntina bDUJiJui^' poiatF 
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TftUh lwf> ends, the pcogram linds ihp correct analysis robustly- Frnr Intermediate 
liauiea, the prograju finds one or hoLli of the analystSi bul in apnmewhal dtgraded 
foTfn^ prnbahl]^ due to the raujihneaF: oi the non'nia>Llinuni supprraeion hciirLsLic 
UMd. FurLherrTiore^ the polnl where the praRram matea the change in iLn&lysifi 
does nol tiuLle aRree wiih my peKeptiuns: Eome of ihp figureii it iriiJj'tes ^ckarly 
one region aetjn to me lo be on the borJerltne, e_£ the pecan m KtgurBs |G and 
17, 

A bccond problrm^ illustrated m&sl clearly h> the Kexagun imaRe, t^ thai 
th^ criterion lor dct^rminins when one LRS rcftion is ^ k&5 good vaj-ialjon of 
another, ,^0 perceni overlap in boundarie^^ iu not ^ufficienlly robust. When there 
are ftltern^tive parallel boundaries close LogellLCr, cir inhere there are miny paints 
added by joins, two rcRionE ihat are perceptually "^baajcatly the aamc'' can Fail 
to hai^e this mwiy bouodary points in rommonr Adding same meKure of rtgioE] 
overlap ^b ivell as boundary ovtrlap wou]d improve the robuBtnes.i. 

Figures 15 and 20 show iinagefi in ^hich (he round rsgion has beeji broken up 
by atiachmenle. Flgurefi 13 and 21 phow' the LHS analysis of these ehapvs. Thf 
program prove? to be able to detect round re^ioiis even when other reeions are 

altachpd to ih^mr 

The next Hgure, FIrtitp 23, -^hoi^s grty-scale irriaReq of a eoflce muR and a 
teapot- Figure 23 shows the LRS regtons found for these figures. In ficneral^ 
the program finds the riEht reRions Hf^wever^ note the error in analjijng the 
handle of the teapot: the isroRram create^ a region by splicinR together |>arts of 
two concentric circles. 0(ie problem with the turrtnt implemenlatlon of Local 
Rotational Symmf>trief: IS that the balince betifteen fidelity to data and clH^eiit.™ 
loan exact tjmmetiy i^ wrong. Figure 24, shows grey-scale images of a spiraK a 
key, a car part, and another tpanner wrench- Figures 25 to 27 show aummaries 
of the types of regions Found in these figurts. In Rgures in which there are set5 
of edges whjth look locally Hke part& of concentric cirirlej with close radii, the 
pn^gram tends to '^jump tracks," buildingcounter-intuiliTP analyses because it is 
not giving high enoagh ftcight tn Following tonnett^-d boundaries. It might seem 
^ thouRh considering the color of refiionis to the sides of the hrntndanes nught 
help the program ipake this choict Correctly However the program's analyaii 
fltlll seem count^r-intmitive when one looks only at the boundaries of the figures 
rather than at the grey-:jcal€ rma^e^ 

Two Otbiir problems shown Up lU t!ie Spanner wremrh figure. First, the pro- 
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rcffiUD i^fT iKc JTUi^E Ljf ibc kr4{ tnJ (^UTmij ^ ^lltrjhJtivt^ fuf llit oLiLnbdr (I iihuh-ii), 4 ttquhihi^ |f>r 

the big 4]bd itcir Bpir^l or croHd tli^iTLEieKe^ {£ ?}io«n], 2 ^hnrmMv^p for tli« out^hJ? of th« rijhuU 
(ind (1 pbown) ] region ]n«dp it (ati^^wn), 4j>J I3 vm4ll rcfi^Tif dn? t^ ^ktLfir 




FLfUfe i-27- SijnpU- re^ionp from ili* Ifi'^ anriEynet- 4jr i^r ^parrifli wi^ncb ^nd lb« tej-- TIh 
kry aamCyBtt 4.DnLaiirri 2 regicra aL tht dp (if th^ key (iknwnj, 2 otli^r dn^il rflfbDon, anJ U 

7F*nftU011B dH tmind nnd Ep]Fal ^rtAlysH at Lhf (fimctatJ-JC arc* m I^p fOUhd «nd (fi Fhc-PIll Tic 
ipinjiM- ana(s-|U CUntaLifd L voriEiMCHnt OE ibr ^ma]] |k.|ii3 m ^Ihc Kandic |2 sJbO^jij. tbr kfc COd 
[aliOfrtaj. 2 varinti-^riB on iIe Scfl j^ir (J atiQ^b. larianl ip due 10 tJhE Jliadfi^i tdg*), fi van4tiijiiA 

CHl[h*rcE]un*aLl|if frad&ortbfliandir |2 ptc^b^ Jnd il j-m^ll d?|4jj ar oaise Tt^njafl- Tbe riafit 

md of t\vt W^cjicK ^ij FoiLDd 44 nUarjcr a^a(r? huf J0S( 51 this K-^lt dlJ« Dt tbe «h*d&iv Ulc Tb» 

rhibi J#W wa» CrtiMMil f™- qiikllOhTL rtiMhP; 



uram bullnls doUTit^r-inHiilivc regions at the enri^ of the handlB^ by aplklj]^ an 
Exlnjti]tlj' short piere oE contour together wilh tv^Q much Itih^er plenies. There 
are Other examples oF similar bchavlc^r on olher figmBs. Wh^t ii wrong here ia 

thiit ihe CUTFPTit Lmplemcniation ftlliS^'S the B^P '^ ^ J°'" ^^ ^^ ^ '^^'^S ^ ihrcp 
times the lenRLh dI Lhcitoaller ple^re of houndarj". From ihese e^amjilp^^ iLscema 
thai this ihrcEhold is 1m permiKiive SecoJidly, allhough the progrini linds the 
right-hand h<3ad cpf the wrench at co^r^r scales, it gHs ironfused by ihn aKadow 
lin^ ihal appears alonR the bottom of iht wrenrh &<- Rnpr scales- ll lirst builftri 
a flpha] boutidary for ;he rij^ht-hajid l"]tad wjih a misplaced ct'iiltr lotation, and 
th^n {because the nienter passed down as a suggestior* is bad), loses the region 
enthtjly. Ifl easea like thiR wrcnth. ll niTghl he hitler tc- allow the region -growan a 
ftlgortlhna to merge two bc^uT^darict whkh are very cIoap toEtthtrj when ihis would 
lead to a belter analysL^i of the region. 

In Buin^ the regions chosen by the program lo dewribe input images are rel- 
aliv^lj clost lo whal you or \ would consider natural descriptions of ihe round 
regions in thti Imager AttMhrnrnts, Ir^gularitiw in region shape, and hne-scale 
cjuti^r in the images do not prevent the prnRpam trtim linking ihe^ reRinns. 
Thert are &]so a variety of trrors^ Bi<Mt of which c^ be explained a^ reHertuig 
slightly Incorrect J:hoic*Pi For parameter settings and the coarseness of the ruTrent 
alBotitbmi lor buildinfi rcgLO]ii dnd n-on-maximum suppression- The results ar* 
clos* Hzjjough to human perccplLOns to serve 3S a solid hasis for doiuK flioTe de- 
tailed investigation oE human shape representation. More detailed ppychalo^til 
evidence is obviously nectisarv to refine ihe results. 

4.fl. Analysii of the algorUkun 

The ru[inlng lime of the algorithm can be broken down inl^ two paxis: 

■ ihe running time of the i>xhatistLve compotalion 

■ llic timesppnl pui3uing[ine-scale reflMments of regions foimd at coarse scaler 

The eJihaustise coiupuljtion takes a constant [worst-rMP) amount of time per 
tenler location- Since ihe proRram only explores cenier locations within the 
exhaustive search radhis of some boundary pointn the total number of certttr 

locations ia linear in ihe size of Lh^ inpiii itriagcv Thus, the running ^inie of the 
eKhau^tiveromputationforon^wftleielirLcar in the area oE the image it thai wale 
(measured in pixels}, ^ince the sum of the areas of all ihe sinoolhtd images is a 



[]ine for ihe Pntij* exhaustive fonipuUuon la linFat in the s\ie of the input. For 

jiimiUr reasons, fiTunolhlriE the image and Findiue edRea ro mate Lhe input la the 
LRS al&uTilhm alsi. Lakfts liuic linpar Id the size of the input. 

Actually, ihia ninnins llllii! For the esh-Lu^i i i^ e computal ion ifl onlji striflly Irue 
aa a worsi-rase fttfmatp. In facL, Lhe coQipLiLaiion liiiit spent per tenter is a func- 
tion of lhe nHmber and foniploKJt> of th^ boundaries around [his icater. Thua, 
the real cxperled running time of ihp pxhauslcve computatinn is also funrtian of 
the -coinplEz^ily" of [hp image at eath a^ ale. It wnnid b^ »ice if this measure of 
"complcJLily" corTPlalsd with p»y£hnlofii<aJ ddla, but J have no evlnlence either 
way. 

MakmE linpr-acalp teraiona of reRioni found at cniirie aiales lAkea aildJtJonaJ 
lirae mlijch is a function of the numhe-r of ^^jod regio]i& found in the irnage. 
The time ^enl eonjputing refinempnta of a rn-eian gets largei as one movep lo 
jncreasiEkgly finesfalps, bpfause the number of poinis in lhe boundai> gets larger. 
In fact, compulfnE exlremel^ fine reEinenipnlS of a region ihfll is Riable over a 
large rauj-e of scales tan lake large amounts nf lomputsiLon. Therefore, it may 
be nPMsaary To impone aume limit on lhe m^imum radius al whkh detailled 
rEnnement of a rEgion Ja dom? 

The current implementalion la alo^v on a Symholict SGM. Analysis of a 
inedJiim-slzG eKample ahui^n in this aettion to the (inesl scale of resolution takra 
fllltii^hi. Howrvcr.TTOHtoMhcalnDTillim l^ highly parallel and would be speeded 
up drastically b> parallel hdrdivare or hardwarE assisli. Since Ihe tompulation 
for each cenler is independent, as much of it can be done m parallel it there a 
availabJe hardware. Furthermore, eI is lively that better ih^riEs of how lu create 
oplimal rEgiojis for a liied center will derreeae ihp cumpuLation lime percenter. 
Since the computation time is ruughiy linear in the area of the input, any aach 
speed up in the time per center i*i|[ result iu a conespoiidum ^Pf^d up in the 
overall runninfi timei 



Chapter 5: Issues id smgie-scale repreaenlation 

Jn this chapter, I cumpare loraf gymmetrj" retreat n Lai ions lq other types of 
reprtzsentai i ona fc^^ shi-pe I &lso dcE^usfr se^'cril issues mvo^ved in r^prMcnlij]E 
I-diTnensiolLil ahajw aL e tixcd rcscLuLioji: ho^' to bujld di^£j: rip Lions of cnrnpleK 
(jbjecLa from ihp raw syimn?tr> rPEions, how rrnpltipl^ rep rcstn tal Lons fors^lprLpd 
gli^pf^ r&n lead Lo a iitun: ^Lable oi€>rat] shape rppiewntiitlonH iiid lioW the rolor 
or rp£ion& inay ^fcL which 3>Fyiinetrii^^ ^iLKiii them arf^ salient. 

S.l, Allernativpfl ta loca] synuu^tri^b 

A wide rajiE^ "^' JLirerenl lip^s oJ repr«sen lotions for Lwo-dimen?ionat sh^p^ 

have been propn^aeJ. There irs Lhrep g**nerftl classes o[ r^presanL^tiojie with po- 
tentially high c-overage aiad dt^^npLive pnwer: 

• Loca^ eymmelry represernatlonei 

e Generalizations of the Hou^h Tr^nslonn; 

• Model ULting techniques, 

1 will discufis itiESE altemaiiveg in delail. For a. survey of other altem&lLVEE, 
see Ballafd and tirown (1952) and Pavlidls [1977^ I9S2)- 

Lfur&l symmetry reprts^talions mcUde Smoothed Lota] SyrrmetrieSi Loca^ 
RoLntional Symmetries, and the Syn^metric Axjs Traj^storm [Bluni }^Ti, BInm 
And Nftgel 107B). The local symmetry represenailons have several important 
properties; 

• Sh^pe models are JotaJ; 

■ Connect*^drip=:B of boundaries Or of iies is used to binJd re^ion^ out of local 
symmctrieE, 

• Bolh refiions and honndarled art r^jpnsented- 

• \jics and centers oF re^iuns are dc:tem]ii]ed hy Ihe Jncftl symmetry cOnsLmc- 



The tijmiTiDii idea l>ehlQd thesp repreaejitalionfl i? that an inpui shape'ii analytpd 
by firal searching for instanccL of shape jiiodels rif^nbluE 'och^; if Ifttionshjpa be- 
XYfKii aecuojia of boundary. For inslanct, the model uwd ui tho Smotjihed Local 
Symmetry" repm,enLatrnn la tiwo Bcrticns of b&undary thai aie lijrilLv reflectiWLs 
of Pile anolhtr- RepreMnlatJons of pxtended rcfijon* id the input sh^pe, auch 
afi iTTUngles or haTnin«>r hftndlus, are bwih up hy Joininjf iriBUrLC<>a of the Jixal 
modclfi Lp form connccLed boundarccs and axeSr 

The Symmetric AkIs TrHi]sform [SAT] Is the aricest&r of Lhe other iwo lo- 
cal symntoLry reprpfipnlMioiifi- This represecitation findg the ttnlErfi of maKlniaJ 
circles Lhal capi fii within a tJiapc and uses ihc centers of the^^r drrlfts ad a do 
Bcriplion of the ^hape. Thp r^inciicpn that circles do not crua boundaneft in 
a figure malits the representation very ^nsitive l*> small hoW or internal color 
regions in a llj^ure, If the no-crossinR restriction is rEmoved^ thn: SAT bsc^jmee 
equivalent Uj lindlng renters which are *5KartJy equidistant from l^o boEindaiy 
points and norrn^l to the boundary al these polnLa. Although the SAT picks 
out rewonable pairi of rchrrespondcng poinL^ Tor eloiagaLed shapes, it iaaiEns a 
pErceptually Incorrect symmetry fenttr to th^^m^ aa dlsciised in Brady [19SS)- 
Far round shapes^ the SAT plr ks out the cnrrwl «nlcr tor a eet flf posnlfi vilth 
an exact focal symractry However, sinct it requires the boundary points to be 
etdtcfir normal to the center locitton and c^acC'v equidistant from IL, U only reaHy 
handles rEgions whith ^je pxarily clrculit and it will be vctt sensitive to aui^U 
dtirormation-^ from thiSf as disrujmed In Stctlon 3hB, 

Local symioetiy represejitations computed on line-scale raw input boundaries 
are e](tremely sensitive lo noise, as Agin [l^ll] pointed out for the SAT. Hov.e%'er, 
this wnsitivity can b^ removed by Bmoothing the iina^E or the boucidanes to 
rtmove noiw, typkally ai pari of a mnltipl^scale analysis [see Chapter C). ThE 
shape primitive* described by Crowley (iSSa) swm to pick out points slimlar tq 
the SAT centpr polnti^ but at multiple scales of rE«lulion. However> it la not 
obvious how the iwo representations are related mathematically 

GenerakzationiofihE Hough Transform have been described bj a^llard jl9fll} 
and J)&\h (I982J- These prngraina ^arch An image for ^ parameterlacd cImh of 
f>hapeii, e-R. ciTcles^ ellipses, or a fixed shape with roulion and scaling. One of 
ihe paKiinctcrT will generally be locatiorf in the Image. E^h boundaT^- point in 
the image votei for all corfihinatlocia of pirametera which ^vould produce a figure 
con Laming that boundary point, Seli uf parameters that receive Jarge nutnben of 



votes are laken to indif'ste ibe presence cf an fHbjwl oTtliip clast with thbt set of 
parimetera tintludms ^ value for the lucdtaon parftmeter)- One prDbltm ivith iht 
Hough Tranalorm 15 that, at docs noL luake uae of ronn^tivity Lnfofination. As 
dtKuwed in CJqapler 3+ conrttttlvily infcirmiilioTi is crucial in det^rmlnlna what 
r^gioHE are peicepLually rLosonabk- Brady [ltfS3) discUEaca ihc fiijne pjobjem 
wiih ihe Hougli Transform froru ft ^lifthtly differait point of view. Secondly, ihe 
tiajitform ran only seanzh for ^ limHed clisi of ihapes ftt one time- If the numbEr 
of paiiijoettrft 13 incMftMdi ;Jie ppftte of posaible parameler wmbinalions Id be 
explored will gel u n niftn agpftbly larRe. FlnaJly^ the transform d^es not prnvlde a 
theoi> of hoTfr to fhoose the reference ponal for A given shaper 

FinallVn there are a wideclaaS of Other shapi^ deBCripHon ftlRnrtlhicas that £{aarch 
for in^tarires of a clajsi of shape models in &n imftfle. Thtst algorjthcns differ tts 
lo V^hftt class of shapes thej" ^anzh for and whal t>peB uf IcchrnqLitS iKty uiir to 
fit shapes lo input dita^ The flfts* of =:hape models thai is beiL known In high- 
lev^l vision work is Generftlized Cyliit^Jers [Sham and BdlUrd IQ84. Brooks 1901) 
which rtprostnl elongated 3-dimensiona| ahapwi, a]]d ihelr S'dirrtensionaJ analnj^^, 
called rttibodS. As far A-S I kno^', the only clusa of shape niodfll^ lhat has been 
proposed fur describing r*>Lind ghapes t& el]Lp^c:a (incLuding ^Jrck^l. BtoqI^i 'or 
CKiifjpIt, uses ellipses io inodel round 2- dimensional proJKiions of CeneraliEed 
Cylinders. Safcaue and Takagt [l9fl0, ISS?} use iterative melhcMlF tn ki circular 
moduli to dala oh'^ured by noise and occtu^ionr 

These model-fitlLjigtechniquei^ share twoprablenkt wicl] the Hough Transformr 
Fir^l, thej" do not provcde a good repwsentatton for irregular shapes. An irregular 
shape will bt detected as a marginal malch 10 a tirget shape and one is then leEt 
M-ilh the problem of dewrihing ihe dtvtJitneta. 11 ihe das-? of tftTRPt shapes ie 
increasedn the computational cost of sEarching for them increases proportionfttelyn 
[n contrast^ ftJLh loca] symmetry represent a tiofis^ a region fs built i3p from Jocal 
fragn]f:]]ts lhat can he detecLed mOrO or less ind^pendf^ntly. Thus, ihe cla^ of 
po^islble shapes found is much wider, the radius function for an LRS region can 
be any smooLh EuncnioEt fup to the current limits of resoLunoci). B^t, becfti^se 
the reEiod-fLinijng process is more datd- driven i local s^'mmetrieF: do not requb^ 
searching a large parameter space. 

A second problnrin ^Hft th^ model-fitting approEirlnis t^ lhat ihey do not pro- 
vide constructive definitioTia qF Lhe i^l^ ^t a[L elongated shape or the renter of 
a round ihape. AJtes are used in describing Generalised CylmderB. However, & 



BTT^n ^hape can have G^ncraJiied C^lind^r reprtfceiitaLiocbs ha-wd on mor^ ihan 
niqe axU and the theorj" pro^id** now^y tc dwtde ^hith axis Lo ptch for a gtvcnin- 
puL shapp In conlrasls Lh* lotal Hymqietiy confltmrlions txpljcilly define an a:<i£ 
Or center for a shape COn^UnctiVtsJy lit Itrcna of Ihe inpij! -^hape. This mftans thai 
lutdl symmeLij' representaljons tl*> nol need m ^^isfliary a(gorithm for choosing 
axGE, centers, or olKer lype& of coordinate H>EtemK- Br^y [I9a2| also TnFnTioii& 
that the Axes o[ projpciion^ of GeneralUed C>Linderfi do nf>t in sfneral cunrDrm 
well 1^ Xht t^erccJVEid axes of Fh^pe^ 

Th? dilEerencE between local gynimelry represetit&tksns and oth*r types □!" 
sliape TnoiJels can be ?ummaj-]zed by saying thit local jiymniFiry rtpnTKonLallons 

lend tKemstlvte to Ehap^- dftsrT-iption techni<|ijed which are more bottiHtn-up ajid 
CDFisLrutttve than Lhe ir^odpl-fitting approaches- The shape models uaed arc very 
local ajid are deLecled by locil matching. Lare£r-±u.ale shape models, guch ^ 
circles, rectanRles, and complex irregufar shapciF axe buUf up oul of ihet^ localK' 
deletled piccts^ ufiinBconnertf^dreas o[ boundaries or axe3. Thu5r lo^^al symmetry 
fepres«nLaLions tan idenUfy a larger class of shipta mort robustly. 

Local symmetry' rppresenlacions hiMe^J on tiyinjJteLries of ronnecled sections of 
boLinddjy sbould be coritrasi^d wU}[ more global ayinmetriea based on maLtKing 
sections of an Imagt against itsplf. For f^^iample^ m order to delect lexiures or 
motionn ojitz might malch an ajnaseT or some symbolk rcprtstntalioTi of an irjiage. 
CLgainui llseff with some iranslaijon, rotatlonn or pos&Lbl> reflpction. Such global 
matclujig BymjT]tlrita within an inqaj^e may also be useful in dc^cribioR an innige. 
Hov^ever, they reprotitciL different t^pes nf prnperlies from iht rc£Lon-Eorming locat 
symmetiies desctibed m this Lhesis. 

&r7. Building compl^t^ aliape dc^'^rrlpMoiiB 

Most shapes of Lommon objert^ ar^ lo-o complex lo bc represented by a stngit 
local sytntnetry n>giun \ local symmetry description ot a peai^ an airplanei a 
spanner wrenth. k square, or a Lrianftle involves several local Eymmetr>' regions 
joim^d together or cut out from one another In order to be useful Eor recognizmg 

^nd reasoning abou( shapes, the riw local a>mmetry analysis Niust be trauEformcd 
iltLn ^n analyE]ii of the shapes AB B set uf aubahappa thSrt: 

• E\hau5tKe|y cover the ?hape; 

• Do ckoL account for the same part of the iiliiipe hn more than one way; 



* Havt i>xptlcLtEy specified ^palral relatiunEKii^fi Lo t^Lth athbr± 

Baglcy 4I9£5| &nd ConnpJI (l^E!^) h^vs recEnlLy done work an cDn^tructing 
iuch analyses for Smodtlipd In^M-al SyTninttry rcprBsenUtinns of ahapt^s. SJn]ilar 
work needs to be drnne Eor anal>aiK of Fhapcis ronlairiip^ hoih SciiooIIukI Ixnial 
K>n%niPtr>' TejfLons and Local RulaLicnaJ S^nkTcieLr}' reglonfi. SlI]CC this ]9 fulur^ 
wDrk^ [ Will otiW briefly ahetrh the jssuee hin'ojvedr 

On^ seL of i&aues involve? Tepr<?5entiTi a the FFl^tinnshap^ htLwpcn iKt tiib-pdrti 
Involved in the an^l^'^i^ First, ibe coordmatE EVELeins dE different subparts mu^t 
b« related. This m^olvea FpecifyinR dir^cLion. di^LaTLcc^ Mid cneiuatlo]] oi one 
subpirt with regpftTi lo anolKer- When iwo parts art acliached U), adjacent lo, 
or cut out oi one another. theFt f^rtji should he n^adu explicit. A local symmetry 
region may reprpsent eiiher part ol ^li objt^ct ur pari of the background. Two 
regi<?n!i whirb share the iiaicie boLiniJar> are lyjjitally a region of 5ome ohjerl an^J 
a region of the backj^Funnd surrunihding that object. A region whi^h is cut put 
oE an object regiOih mtJfit be part of the background. When the boundary of one 
T4Jgion IS directly cojineeted to the boundary of another reRaan, thLt facv Ehould 
also be nlad^^ tSphclt. as In the peiF and bar shapes m FlRure 3_ Two r^ions 
whote beiinddrios canjjett must be tvio partfr of the pame object or two Ecctions 
of the bai^kground. 





Figure 5-1. Apenrali^r^ 4pd ihr ronDftcii end of a timI lb boiii^JtbtfU &^ur«, ttic tv^o fymmctry 



Bctwctn the primitive symrnetry r-egaons and shape c^odels for na-tural cli 
(e.g. hammers), there ar^ a number c^r^Lnhple ind freytjently of^ciiring combina- 
tions of pymmetiy regjonH thit should be recognizedr For example, there arr a 



T>umber of aUndajd wa>3 of temln^Ling &n SLS j-EBicm [cf. Brady and Asoda. 
19H1}- 

• open lernimaticiTi intfl soin* otlicr lype of regioni 

* blunl terminalicpn hi Ihe !^L rib^ 

■ pointj" SLS region continuing its boundarisB^ 

■ LHS region conlinuliig itrj Ifcoundaries. 

These fniir tjpe^ of T^rminiillona ire IjluAtrAled in Figure 2. Some common rom- 
binaLioriE oE symmelriea Involv* severftl competing toraL Eymnietry ajiaJ>3es, Foi 
exan:h]>les a ring f^^ a jipir&J Kas ajh analj-sw m a. loag hsLS le^ionH as well n= an 
analysis a* two LRS regions. A hexagon hiw flFveral c<uiipEtinR SLS anafyses (the 
main Mca plua corners), as w^ll ^ in LitS ftntl^sts. The conJij^tiraiion of mullip[p 
comppting analywH miRhl be made^^plicU in the reprewnlaLion of ih^M reslon 
combinations. 






; 



FLgjrt 5-2 Poor waya <>f lEor^pn^i^ng irt aloL^at^c] £LS r^^Kior Top. upeai LfrmirRtura uJ 
lerifauijiipp EH * |M>Lniy SLS Bottom- hlqnt L^mujiatboci and icrmin^Uoa Jii a iLafcT-raund LHS 



FmaEly, ther* seems to be a conslriunt djal local fiymmtlry rtgionB involved 
In ^1 analyEts "nol accouJlt for the sam^ pari of thn? shape twK^" . For example^ 

finb-optiniftl LRS rcfiions with Mnlers clear thp p^irelved tenler of a r^gioEl are 

not percept lift] I >■ &illertt Also, two SLS regions in the swiie aiiaivEtE c^innol in 
e^jjcral overlap, aa ilJusLraled \n tigurr 3_ Ho^"tv*r, bt is not obvious how to make 
bhi^ COJ^gtr^Eit precise. 



^ ^ 
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ngicrnf- WT perccptHiHy UCOmpatllilf, prcsnjnablj bfiCBJB* thty overlap 

It stems ihal a perceptually corrtct verpipn nf tht tt>n*trainl Ihat EjmmcLrj" 

• overlap in bouJld&TJK, 

4 overlap In Z-diTnenaionaJ rcEiocift covtrtdn ftnd 

- wlii?ther the tms ivgicmfi represent part^i of llie same objert, or wheiher one jl 
piTl of an object zn6 one Is part of tlip back^roLind around ihe ohjecL (eilhtr 

a reaion of e-jnpty apate or a region of anoLher ubject). 

Note iHal. rthtthtr ^ symmetT^" rc^bon rcpresent^i pari of ail objetl oi pftrt of ttip 
background Hlftnnot be delerii]ilied fl prion Irom Lht inpul LITiagf^- Rither^ ihc 
prganizalLOJl of the imafie inlo a hLimbej" of disLinCL obje^zls Itnd ^ b&ckKTound [& 
tinf part of the task of creali[i|;4itOinpleleiiHapp rcprcaeJltation- TJlua, constrain Le 
pn refiLDn overlap should he vk^ved as c-oneistency tonatraints on how ^ conipl^t^ 
anal>aifi of an imafie cdcb be COnatTUCled_ 

Two, or tven three reRions can share the same pieJie of boundarj- The pos- 
sibilities are illustrated in There are two relalionahlps thai ahutlinR regLona can 
bear lo one Anolhei and form pajt oF ^ cunstJtent descriplion uf tl]e snieiie. The 
first po^ibilitv is that the two regions tover riiEjoLni 2-dimensJonfll regionsT as 
iUuslrdLtd Jn Fiftiirp ^ Nole that the ""tiva regiDoa^* considered here could bi fact 
be parts of the BAme re^iaN, as thovrn b> I he spiral In Figure 5 The secOlld pffi- 
nihility le that the iwo regions raver overlappinft ?-dinipnEtonal regtona and one 
region fcs cut out of the oiher a^i tfhowai in Figure fl- Two regions are In ronfllcl 



w[LL.i thoy .ov^r ovcrlappine 2-dinifn.ional tEgion. ^d ane fa not a cut-out .ff 
the olfierf aa Figure 3 ilJustr&LCfL 
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Ftiar^^S Srir- ELJj^nUpJaL Tfcia fi,iur .lum ■ »niob nf bpund .^ -^.J, ,i,r|J. 



This .UL(.m<^„i of tin- conp^Lraini, tinw^ver, doEE nol 1™.^ to bn q-he coirwl 
ThE problon Ls ih^t Eo-jie 1^^ of rcg.on^ ac^m m b^ ahie Lo co-^>,isi ev^ji if,„„gh 
Ihcy sharo bo,kn<lflT[.E ^^d ccverovcrkppjng region.. For example, the cwtLMS of 
ai^cunek. .«m to 1^ .ali^M. fle^pit. heine m ronflkt wiih ,he main z^iis oflhe 
r«Unglf (cf Brady ^d A.^a I9a4}; thf n=Rion. dn^ribm« th^ pob.^d j^™. of 
aapan^er drench s«m Ifl co-t:xi.l with the region.- dc^rihirig ,h. roui,d ends and 
Kiuare rul-ocits of ih^ *r^ncJ,; an oval th^t \% on the bc.r<!erl,„E herv,>.*n roui,d 
,»nd .Jongated tan be d,.^,ihed ^. one round region or a. having ,wo r<.und ej.dE. 
It JE not clear thai m^Jn cL^ion of Euch an eJlipse and it^ mor^ Mherejit ro^nd 
-ends ^re pecepluaMy [n ronftkt. The« e^ampleE jire Eho*-n ,n Figurt 7 

Mj LRti in, piemen, ation u,« tj,^ heuri.tit ihat i«o i^ftions pverlap in<:om- 
patibly Jf ,he> .hare half of tb^Lr cnrCOUr A. son,e ^f the OLiti.ut example In 




Fpff^rv ^G_ A rcgiUD cao fihiJt A fltCtLoil (rf boiindar^ wlL|» ;i rnl-Dnl i-tBbDD- WbritT llleTc IJ-e 
ctai^DUL^, ifafefc CAD Ih more tllUl |-wn ^omp»iitlt reHJnrubiriti^ tt* PiJlie a*ftKiL of tKHJ [idar^. 







nisUiD^r hVttliLb CD-&XL4t willi ^liC TOur^ ^Fl^ aod iqDJJt cLit-ULit Ths ^kd£ ■>! B JEtt C^Vj] <i>41K]FL 

Willi A Juci'lptbOD Chf tli« w^voU DVF^I u biu9Ci|]y rcDud Tli^ dofu^n of & Hduigh j:o-«xjpI wttll 

JLS miliJl AKJfl. ^ 

Section I-j' illusual^Ti this heiiristic does nol rohuaily deLetl when two rtgiun^ nrt 
percepLudtly "bafttCftlly the g^nie" or when llie> overlap "^lOO niUHlhr* 



£.3h MvULplt> descrlptlonB 

Marr end ^'ifihil^&^a (laTB} elaU? ihat the re present Atinn should be desiEned 
BO IhPrt each bliiLpe hai out C^IOIlIc^I repiMentaiioi], fd ihal procc-s^mg Liftitlg 
thesE r*.vrt.^*e]jlitit>n& Jietd not si^un'h ihroufth muHipIc pussibllitiw jn m^lthing 



ajiapesr The adcA of limiting reprewnlatiajm of ^ givcsi shapp to a small num- 
ber ia clearlj reuoTi^ble. Ho-ftover^ if j^hapc^ Jntflrmedlate beLwe^n iwo types of 

sh^pe de^inptlons, e.g round ihapps and tlujigaled shapcE, axe required lo h&ve 
a unique analysis, ihesh^p^ rep ftscnUi it>n will have ^.-shar^h chanRein reprcat-n- 
Lation at son]-? point- In many Suth CEse^, th* Internwdiltte shapes ar*^ perttlved 
by hum&n^ as varying Errifloi^hly from one Lype of shape to tht other TbesJiifp 
dlstontcnuLty in the ahapt repre^senlatlon dopK not malch hiin^an perffipLion-^ and 

iht loHinUon of the changt from one lyp* of representation lo Ihe other must be 

choe^ij arbiLranly. 

The wltition in Llie<w caaea is to allow inlermedlale f^hape^ to have itkov than 

PFie repreaenUlJon- Suppw* tbit th^ relative satienre of ihc competing rt^pre- 
senUtions is allowed to vary contJnumjslyp so thai the sallenc*- of one lype Lif 
representalioji dLmlniKhe<: gradually as one moves towards ahapea morp repreaen- 
Uiiv^of ihe other lypeof reprefltnUlioo. So, forexampKan SLS represpntatlon 
is very salient for rectangtes^ less so for e]|^pses^ and not salient al all for circlea. 
When one of ihe tompettnR represenLattonfi reaches sulRcienLly low saliEncE, h 
shoiild no longer be considered plaui^tbk at all However, ih? i-haai^r Erom an 
exir*>nie(y low sallfijice ^lern^tive lo no aliernalLve Is not a sharp H:hanE<? in rep- 
rMeJiLatjon- Small ch&nges to ihis safjence threshold should make fittfe difference 
lo users of Ihe representation. This controlled use of muCtipk reprwentallons For 
the same shape allows the representational sysLem to accLiralely model human 
pertcption^ of similarity and smooth change jLe. ih* rtprcbentation la stable} 
and avosdt use of arbitrary Lhresholdi^ 

There are several silnations in wliich there are smooth transklons between 
diHerenL Types of shape modeh- First, there are two dllferent typts of locaJ sym- 
meiry rppreflenlatiom^- Smoothed Lotaf Symmetrits for eloaga-t^d shapss itnd 
X^rfll Rotational ^ymmeirieg for round shapes. Secondly, ther^ ma> be qualiTa- 
tlvery different i^ays to analyze a complex shapp in terfiii of sub-parts. Finally^ 
lar£er-scal? =^hape models such as Ihe natural ds^sea ''tup,'' ^vage," and ^bov.r 
may grade smoothly into one another. 

Thf" Local Rotational Symmetry r^prcBentation for round regions wassperif- 
ically desljsned lo overlap socnewhai with tht^ Smoothed Locjt Symmetry rcpre- 
aentatLon for elonftalH reglotis. For exn-mple, the oval ahapes shown in Figure S 
vary smoothly In anal^gaa dependent OR the proportions of the figure- The lonfitr 
rcBir»nfl are anatyi^ed as an elongated tc^\k:}ii with two round ends, 1'hc fattpj re- 



BiLHTLft art analyzpd e\^ on? irreRi]lar round re^toTir InLermpdiaLs Ehapta have both 
ijiaty&«, with varying deRrces of relative sallennie. SimilsrlyT Fieurc 9 &lhOH'd ihe 
Ir^ndlilon from * clrjile (clearly round) lo a lozftnge shtpp frfearly clongal^jf via 
n hesagon which hai LKilh types tpf analyrwHr ^amilar txan]iiks c^n be ton^tr^icU'd 
mine "^^'i °"^ shape modeL e.g- Sni(»thed Local Syi^irtttry regtonsn bul mHtch- 
inR il to ihe shape in different vmys. FiRure 10 ahows gradual tranaUioits from a 
rccldi3£li: to a square lo a pointy diajncnd. 







FifutT ^^ A <ir^]e, wtiKh bf ti^rcnvcd a» oat ttjlai^hI r^lou^ c^n bt Hrn^H^tklv 4cfonnc[] tnL« ^ 

lODf OVbI, %vhKJl If pcrc«tved u a laJi^ tej]4ii VLtli tVD roUDd «ndE IflLarmE^tiaEc &p;i]m Itati^ b« 





Fiffur* S-5. A fkrcltnui Ik smcu^tlilx dflfnrm<-d tntn a EctouifE Bbap?. htUiraedi*** ill ripw, sqcli a* 

the liti^i^^irir C4JI bff describe tUhpr *■ a- rnnnd regJDtl Dt 4U dL €]i]DS4t*drFffinTl 








Flgire J-10. A rr^tanfrlr ran t« lEnarjllifj dfrforrrtHl irtO ^ diamonr! Tbt reciajiBfe liu^ ^H^ 
AiHt mtj«£t ?.^]Pp th^ lIlajuddJ hid & diff^reiLC t>p« c^ ntort v^li^nt otie Th« nijiiai-^^ ^ilncli Jd 
lat^TDiHlhAtfi h^wotn tbr lt^lj uhipt^, bid df^^r^J Bdlienc ui(¥. 



NTiikiplc cocrjpeting repre-TfiHatinnfi alM occur m iJiiilyilne con"ipkx sli&pea in 
term* Qrfilin]>leT fUiep- For ejcample, Bagk-V (I9S5) d^Sn^rih^^ S Fy&tem for buildLnfi 



WpresBTHalruJlJ. uf [umpJcKpaJyEajialflhapes \n Wrnu, of a mfllD shape and shflpFS 
aitMhcd In ][ or cur oiiL fmm il. He sho^^sewmples ^i^^ts i>rcnniplexsKflpp& iW 
vfljy "imnolKIr frnm one prefsred a]iiJ>sla lo anofhpr, with Jnlerjn*.Hia(c ■.hflpaq 
bavine LiiHh auafyses as options, KigifrE ll shi>Ws njie uf JilS exflTnple? {Sse alsn 
Hi^lJerbdfh I&75.1 






|ncon,rr.cUr.6».on.pl*l.anafy,i.^f..|„pe.ther«a,a^bea,rad..f!U«w... 
.J, .h.ly.,. ,. ,.^, „r a larfi.r ..mb.r of locaf .yrrn,.lry r^i„ns with .l,^p|. 
pa„er.. oF p.Mn,.,^r v.na.i.,n and an «ialy.i. in terms of a .m.ll.r .ycb.r of 
reR,.n. «,th «,mp!.. p.tt.rns .f par^et^r v.ri*,ion. F^r e.a^pl. F^^,^ ]. 
^ow. .n SLS ,.B.o. th=, co.ld he describe « .i.her ,,n. r.,lc^ wLtb ,„o,ple. 
var,at,o.. ,n width or as a n.mb.r of region, concatenated. Th. fir.i description 
-ould b. r.o.t useful if thi. w.re .n ^rbi.ra,>. to,.pre. .ha^ prod.c.d on « I.Lhe 
-8, a d.rora,iv. .ab]e leg or door p.... The s^ond de.cr>p,i.. wo.ld ».m morJ 
i^PPr.p<,are ,f the i.d.vidu.l pl^cs had di.tina r..cU..al ro|^. . g. ,f ,hi. ^v.^ 




^^^^^S^^^^=^,S^r^s;.^-r" - ™' - -- 



A -similar elfwt ^eem? io hold m ihe waj psople uit naltiral languaee i^'ordi 
ICH TekT to object?- Thf ^at^ presenL«l in Lubuv {lf»73] ^uggt^t thai there i^ a 
sTnooth deray in hem w^lk a sh^p^ is perctivcHL as ini^mbcj" of the cttisb named 
by socne EnyLlsh wordi ffUch as "^cuy*^ or 'Vase,'' as ihe shapp is slcrftly madE 
JEsi and leti Hilt n good eiLJfmplar of that rla^fl. In l^bFJIme shapes -^lib naLiii^l 
fajiguagt word&H people can use a pankulsj word txj r^fpr lo an objett, or thej" 
can detide that there i^n't &nj term ihal really coveiB liic sh^p4?. For iiiAtwtce, 
the shape in Figure n dnesn't really look like ajbythifig m t^aj-lkutar. Adding 
an option of "matches nolhinR^' does oiol, however, change the argi^menl al>auL 
sharp iran^Hions The Lran^it-ii^ri from a Bhapo Lhal h<ui a good label t^ a ahape 
thai do£^ noL is Etill Emf^oth 




FapUi &-J3 A lllP-pf iJl^L d^MTl'l l»t |lLt HkjltLUg ifi£A£il£lliit 



iA. Region color 

TIlc Smaoth^^ Local Symmetry fo-de described in Oradv (l^^^-lji Brady and 
Aaada fl9A-l). and Heid^ (11^4] inrorporatcE a tunsLrainL xvhL^b I WlW CliN the 
/Jegjon CcJflr Ci?n^lTQ\f^f. The id^abeblnd IIljh tcmstraint ii that a total syrmiietiy 
between t^^-o sci: t lonb o[ boundary ts only salienl if the color of the region on the 
interior sidles of ihe boundaries (ire, the sides toward ihes^mmeiry .ulls) iifiimilar. 
Forevampie. the i^ymraetri^ fhnwn in FiKure M (left J are salienL Byinmetricis but 
the symmetry shown in Fij^ure 14 (righi] ie noL. Kcr ti round region, a fitmilar 
jzonsLrami EcomE Ld hold, lU Eho^^l3 in Fjgure i^, Ftgure 11^ allu^UateR the fart Lhat 





FiBurt 5-M llifl ]?fl-h4iid ij^iirt ^flDWl ^ fyinir«lF> dowci on* tlur gated rrfiinji ol B aJiape ^nd 

ChUUKlr hQundBTT n^ tllf PJlFipi^ iind *Dhe I'Hi^QE^' ndf nj Lhf ITllel ThlB aytrtmcLry L* q^l FillHIir, 
btftanM lilt Iwa p^r^ ot 111* aymitlttry Ju iiDL iFiLch Ln folw 




Flfur* 5-]& Tli*re art twfl r^l^uaktr]? LRS j^g*^"* 11 ^ht* fti^ur*: llw ui^dg nf ibc jawK and tli« 
□Titfldn ch] lli^ JBW&. PiM^blt *ymisi&lhM mvalnnE tl»n minhLe dI oji^ jjw ^J the DBLxnlt H?f tli* 
nL|i«F 47e ncil perceihtii^LJ^ ulitnt, hcc^uK tbt ijf^ a| tlic t-ymiuetry du ii^^ rDALcb in ^^or. 

ihc constraint 15 only mi ihe col&r of iht JiiLenar nf ihe icKaJ symm^Lry refiiDTiT 
flOl tat the ext^rioT- 

The idea. Irehlnd ihis corisiraint is thai region culor can be ijs^ as a hturkLic 
for delcrmining whaL region^ iTi an im&ge are p^wt oF the ^aifie object and what 
regions are part oF Lhe backsround aroujid ihat ol>jccL_ Mdei of the images a&cd 
in testing the Smoothed Local SyminEi.ry represenlatJon cojitahione or morp dark 
ohjeclp on a lighi backgruund or one or more liftht object* on a dark bafligroLind. 
ThereforcT in ibe^e jmagess rcgJ^Ti cdJot b a g^od indicator of VnhELher a region 
IB Rgui^ Or baclcErouiqd. Furthermoren ihtn? ire only two colors to worry about 
in any parUcul^ imaee: tij^ht and dark Then^ aintc a locat symmetry region 
defines a ^^diinctislonal shape or pan nf a shape, (be Enlerlor of the syminttry 
region should be a]l the same tobr or perhaps smoolhly varyLna Ln color. The 




FLffiirc 5-!ft A IOonafbrr>m? grfy bull and a (-t^j rod, each liatf t.im«l Ul [1 Uac^ rtffifjr Tbr 
tuiuli^nt f>n rtgioB t L-ltnr mnsi appjj- cnnly U> tbr piif*rtL>TBidtioriKc bnnnd anw of i]l« lymnirtry 



problemeappMT whenojiclrics tofl:aend this idea T^grty-^calBiFriag^sconL^nrng 
regtonif of nq^re than two diEiinrt levttfi of int^nf^ily. 

h) iJit LmplemenUllojit of Smoolhed Lo«[ Symi^iti^ns [HradT an<l Aaoda 
1*W4h Heid*.' 19S3) tJi* norm^ili it V*oundiry poLnLa w* dlrMitd, e ^t- alwajfi 
pf>inttne toiVdrdE thf d&rker sidt of the l>oundiry THf regio" coJor canelriint 
waf: impJem^i^l^d bj requiring thai the nnrmals &l thp two boujid^irv pninl^ in a 
local gyrtiinclfy either hrith polnl outwards or both point inwards. Thi* haurratlc 
Will noi in ftfntral produrj^ the nght answers. For c^ampfe^ in Figure 17, the 
fercy Blripe swms li^E a rMsonablt SLS region^ allbouEh the norniidH on one 
s]de point inwards and the noriualE op Ihe other aide paint outwards. Thus^ a 
ptfttptually corrKl implrmfntaliono-f the confitraint would ha>e to reftrdiiEctly 
to the color of tht n-Kion npar th^ boufidariR^, ralher ihan usin^ th* dcrcctiona 
of tilt normals- Ont unKolved problem It} iinplpmentine u corroci version or Ihe 
coiaatr^inL ie delermiiLJihg what the e^^a^L conditinnt ure for ihE interior ildcs of 
the two serlLona oE bnundarj to be "clone enough to Ihe sajtiF color*^. 

In -ififiTPgatlng local Eymmetr> pairs tnio re^iona, a chanee in intenor color 
befr^-ecn two adjacent pairs. Le. an internal color boundary in the region, ,seetdH 
lo be a rea^m to con-^ider dividini; the resioti in two. Ho^evtr, in Euch ^ situ- 
frtion^ il L^ also poBsihfp to Igamrt the cotor boundai^ and mafce <Mtc Bymmelry 
rcgaon. Forexafliplc, ihe stripe in Figure IS can be construed as either on^ region 



figcrr, ^nt ;jdr of l|i. ^v llll„*.Irx it d.li^r ™, ih. ,J,^,J= 4nd >L<. olhtT la J^krr OD Lfa^ nqliidt 
.,VI !.' ^T'"^ "^™ " P^PI.^IIJ- ..|^.<. b.^^.nr ih* t.le. nn -b* IlL^.-nt B,d« 

(by iEHoHnfi the lofor rhangt) or as two rcRions, divided ai ih? rdor boundaiy. 

Round r^^ionn fan fllan hp dlvfrfrd up by inlemal culcr houndariPs with Lhe ^iriLP 
opiiMfliity.as in FiEure |9. Tht c»iEienc^ of .uch JigutE. makis ii unckar hn« tu 
famiiilate Lhe cnnslrainL For round rcgiouia, bFrauae Jur Lhew rt'Einna *. cannol 
ni'fltj^ .fparatP thp -luxation inio r^^nstralnls on ibe puml^ in tJlc amf synimetry 
pair «nd (unEireinK on adjnifent paif^ Wf™, e^en ihc rcnstraint ^n ih. t«o 
poliiiE in an SLS eym,nElrj pair dc,™ nol huld auictly. For example, the syn,- 
roPlTj along iKp stripe in FiRure 20 can I* contmued alonR thp boLuidery of Lhe 
black Lab, dapiLE the violation of lln! color conEirainl. 



o 




FlfljrE 5-Ja A Birip^, bl«l lor o^^ l^fl a„d -lulr ^□^ ^b» o.h<r, „d a g„> h^chgr^und Tbi, 
afjipt tan bf ptEtivr d ds plIIim- nrn r^giua a- two 

Becau^ of these prablem^ with Lh? dtHnilir^n of ih. region cclo. ro».t.aim, I 
hfl^e not jniplGmETiled any fc^rm of it Tor Ucal Rolational SymmetriEB. Obviously, 
moiE rMearth nwds to be done inio the ^xi-n form of ^h^- pprrepiu^l constmrni 
an region calorn 




Fl£iire J-lfl A tcicbbttLIEffu" Round r^iK-od divided into tiKMoaP h calnr boamlmcicEiii rtiH 





■n 



FiEUlEi-W .^ ^hpl* .irlpt with . UlKk pi.r^l nr ic Tll6VH|inl=±.[rLp», irTlcdina l^^ pairh, c 



Chapler 6; Multi-scafe rcprpsFntatjons 

The shape repregemauonb dJHijaeed ]d Chapters 3 and 5 alf reprew]it -ihape^ 
wllh a fii,eci, finite aniounl of detttlf or rp^olution For re^^Rjifz.ng and reaaonmE 
fibn„l objcrii E„d .(en», WE ■!«<] t., b. ibJe 10 r^precnt a Ehape wiih any 
Brbilrzr^ F^m^untof .esol^tion, m carder la be abfe to di.tinfi„i.h snjall difleroncM 
b..w„n objecL. or s^^n^E. It fa ^1=^ ^fce.«rv ic bf ^hW lu af..tr^t --ay fron, 
dLTEnl wh^n II ■. nc^i needed, Tepres.nJing anJy ihe m^sl imporlant ^pect. c.f 
an objec, or a ^e-.- Th«e two reqi^ironen,^ are be., .net bv ha.Jng . ^rie. of 

rEpr^enUi.o,..r.ra^c,bjectwi,hv«ryinBam,.„nLsortfeLai|. iftben-presenLaiion 
Bi diffej^nt Lvefs .re r.l-t.d, » .hat .nfor.natfo,, con.puled a, one level .a;, be 

tranrfercd to olh.rlEvekan,uf,,-«.le representation alW.ne,oa.hi.veEe.eraf 
appaienlly incoijjpdEihle goalB n Lhe same time; 

- Be*n<l= are highly ^cc,.mc a^J represenlat]or,. are highJy del^red, 

. fon^puuricns and .eprese.UlJon. a.. sLabfe .nder Entail ch.n^. i,. ,np,,^ 

. ^-■^■'^^---^-^-^c,ependende..Kata.„.n-,oc..in,heoH.inalinp., 
ind so t-.n detect larRP feaiurea; 

- Computation., ba.eonly lo.aJ dat. dependence in the muhi-scale d»ta .in.c, 
^«re .EEd for c<„.pnUt]^ «rtd th.. a„ efficient, partle.tarly on paraJld hard- 

Mu,.p,. „„e „,^^„.„,„,, ,,„ ,„„ p„^^,^ ,^ ^^.^^^ ^^^, ^^__^^ 
IK., of .h.« ,o.|., w . WW. v.rie., of ,e.„rcho„. Py..„,.-.|,.p,d p™«,i„, 

ri r T"""'"' '"*" ""-' """'■■"'" "'"=''"" '° "'-'"« '^-•'"^ ^8- 
81™Hu™ It, artow cfficifni compmiiion. 
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ilea) and sood JoralizEHun H>f ed^es [al liTic Ecfllea). Tor esaniplr. iKe 
(dge fijid« described in Cannj (lOS^) finds ^laea in an imaftp aV multiple ecaIq* 
find mfllchpE ihfSP erlK« acroas sfiilw lo ylffi J d unified map of edijta al all Main. 
UsiuB all c:ipliril malhcjliatlf el Ihcorj' ol how an edge ai one scale will be rcllpCLcd 
fltihenoLlcoarwrMdlc. Wiikiu [ 1983 J prupoEed niinirniiriiiTiR mulliplc-scakrep' 
rpsERlation? oE a BJEiial inlowhat lie calk a ■^tah-spa^p" rBprffienlilioTi. In ihl? 
reptcsenUlion, the ahapp al" i-hc signal acii»a atfilepi is summarized qualiuiively 
bji destribins: ihcMi of feaiuics iTi iHp aisnal, the ranfle uf Stales at which each 
rcalJiie DccuiB, and thfl azalea al whifh Fealurea split oi inttKer In his work, ihe 
feaium considered are inflectiau points of a one-diTnenEional iignal. 

ThPFB Ld^ been lesF *ur» done on muttiple-irale rejjc^senlatioii^ uBinfi featureB 
Ihflf are higher-level Ihan edge^ A?ada and Drady [I98i|} devBloped a syslem for 
loraling shaip thanEes in orienlalLUn along boundaries jtorptrs. fur example) 
iind inifkmg theae fealuTCB atToas aeales lo produce a rpptewnlatlon analoEous 
to Wilkin's re preEen lal ion for one-d intentional aiRoala. PoncE and BriAi [l98o| 
exieiid this work To rcpresendnfi the gh-ipe of 3-dimenfiiona] surfaeeg. Huffman 
(1083) irJed to locale "nalursl walea- in multi-acale reprewnlatiuna of boundary 
tur>s. Crowltj [I9S2) locateE and ii-avk^ fFarurei lor deHTihiue regions across 
Males, but he uats relalivpk a-i hor mechodi lor relaiitiB repreipnlfliiona at dlf- 
fBrenl sfaleir 

On ihc other side of ihc fence, resoarchei^ working on planning and reamning 
have bBon talking Jiboui representinE situaliona or objects at mulliple levels of 
re^jolulinn or abstraction, fllthoiigh Lhcre are only a Ftw syslema Lhal actually uw 
ihisidoa. Planninpian be made more efficient iTH is done fi[fii*llh a toarse-acale 
repr'sentalion of thB problem and then fle&hed out in more deiai!. most recently 
proposed by Allen and Koomen (1963). Thp> albo propoR? u^ine a hierarchical 
organi^auon of time inlrr^'ala in order lo re^lrici fiiprifiilj stored lemporal ns 
lations to intervali local lo one another- Such a locality reslriclion would allow 
alEorithins for reasoning ahou I tiimporal relationships to run efhripntly. There has 
been Mrnie limiled V-orfc in UBing reprwentalruii^ which inV olve Ji-fl/t JoJ r (.f chanRBE 
in repreatntal ion hpt^wn finer and coarser acalet, for example Weld (ISJS4) and 
PaliMiMlf. Taylor[i9-7]andDowij[iq7y 163-173) havediacusrfdpribliinia in 
Ihe rhal have been JLHUs&ed in naturiil l-mRuaBc aemanlicB thai could be reaoked 
by uairig muUi-scale reprejwnlalionar 

Shapf. tepresenLallon Ilea aome*liere in between the |o«--levil visual proces^mft 



dnd hcRh-lei'd repn:scntationE for refl.snniii£ and naluraf TanBuiee kti d eman fif nj, 
INlimalcly, ahipe rep reap riUIIOl] ayElpDis mu5[ HCrvi is Ihe COrfneclion bei*een 
iheaelwolype^olprc-cPF^inR. Vptt lillle work has betn done on crEatine shape 
repT-esenldrions ai mullEpJo levels of Temfulion. Marr and M^hihara (l97e) |j[d- 
poFP iidng multi-«ale tiprPEentaliunE icr nbjtcLB, hul (heir propwal is nnl vcr> 
dPiailLed. Brad> and A&dda [lys^J build ^nicpoihod Lwal Symmeuy Repressn- 
loljorii [or flhap(;i al multiple scaler or re^lulion, but Lhey ^o nnl n-latE Ihe 
reprt^rULJojis at adia^ent wal™. Jn bu.ldmg an cHiciEnl implemeniaiion fnr 
toi^putJTiR [fltal HaLalinnd Symmelrks, I have had lo iwtnnaider Ihe way in 
which Brady and Abddfl tfinipuled multiplp Hale rpprfrfntations The goal in de- 
signing ih^ mnllb^flJc LBSrepn:«nLalion has (lEen not Only lo U&e llluHiple-ficalE 
TPprePieiiiaLiQn? for cflicJenfy and compatlbilk^ with tht-oHEs of foiv-Jevel virion, 
bi][ alio Lo be sen^[lLVe lo the needs of reaauniiiR -md natutal language und^i- 
fltanding systems ihuL might be using ivt output. My liiipLeTnentatJoji of Local 
RoLaiinnal Symmetries use^ n local mnlti-srafe eompuiiiion with romiuuniffltJon 
between scales. Deleclion of tross-nale features and paltern^ hM not yet been 

implemented, although the inler-scale matf King provide.^ piuppod. for addins auch 
aiLblyEi'v, 

Tilts chapler «il[ di=<:uii3 Issues in romputing and usiUR TTiLilli'if ale repre*-n- 
lations in shape rcprenentallou. These jiisuea include; 

■ Types of abstraclioji from detaili 

• Inter-^ale malfhing, eommunifatbon bpLween scales, and cross-Ecale re-tures; 

■ Localiiy of computation; 

• How attention may aHecl niulu-i^ale processing. 

In discuisina earh of these issues, I will poinl out what e hoi cea hi"e beer, tfikeu in 
Impleniiiiiling a lyst^m for tompulme Loial Jiotational Symmetriris at multiple 
scflleE. 



CI. Types of bcafn Hhstrocll 



jiin 



Ci^araer-K ale rppreseniatiuiu, are ideally supposed lo corlain only the "impar- 
iflnf or -auble- or "ovErair features of liner^!*alc repregen Lai ions, absltactJriE 
ftway from d!;l ail In practical reaaonina- the Imporlanre of some feature is de- 
(ei-[nijn.d hy a large number of [aciors. including funt (ion a| iniputlance a^ wplffls 
a]». Foi Example, the differenic in the ^hapt oF ihe business ends of a Philip^ and 



a r^^ular [aloti^d} screwdriver la -rruri&J in fApl&inJna the TuncLiori^-l propertlefi 
of the?^ LDoli and would ^p^ie^r ev^n in relatively coars^sca]4> reprewntattonE 
of arrewdrlverST despite ih^ ^niftll RJ^* of the ffflturea (Co]]llcl] and Brady i9an}. 
Even *i'hen only size ij used io dnicrtntruz imporlanc^, the fUt-olT for how &FT1&I1 
p. TFaturc is represented maj" tn may not be a conBlanl across the entire repre- 
Eentati^n For exiiiflple, al the in5tB,n( ihftt on* Is fookiuR ai a chair, the chair 
may be reprosented wUh hinh resQluLi^n whiJe the context around il ii^ only more 
coajB^I> tilocke^l QPt- 

In the e*r]y anafVEis of a visuaF ima^e, the only index of Icnpori&nHTe available 
is size. ThereFore. iht^ l4?chniq ut.^ For abjiLr*clion dlSCUIiSttl h^re will only UM sie^ 
as an index of i mportam: f . Ho^cver^ noLhinR prohibits later reaaoninft from re- 
adjufitinft ihf resiiMs of these early analysts or inRu^^ncing iirottSiiiiK oF "^hapf^ as 
U is eomft on- While early visual protcssinfi [e-R stereo) setjna to be mure or 
le^ independent al" the content of the iQjagc deciajone about which obj«l*i to 
focUH on in a complex wrene [e_g, a l&jge cltitte/ed room) are clearlv dependent 
on the vJewtr's goal^s Fow far down the Influence of higher-level guils BxtEnd-% 
in visual prote^ln^ it an empirical qiiestlon which [ cannot answer here. The 
algorhhTTLS for coniptiting multi-scale cirirular region Hymmetrip-^ do not di:pend 
on higher-level informaiioci^ bui. could malce use of such information to guide 
prQcesRinRi w-ere it availfthle. Similarly-, these algorlthiivi do not crucially deptnd 
on the resolution being constant over ihe entire field <m! view. 

Tht abstracted or coarne-^cate rtprtsentaiion^ of an objett tiiat pccjple use of- 
ten in^olvequalitalivf dlETerenc^S in ttpreSentatiopi fompared to l]ner-scale viewa 
of the same cjbject_ For example, tiit fact that bru^ihes can <leaii pijiicles oR of 
surfaces depends on the outside of a brush being made up of a Jargc number of 
bristles. I'hus, a line-scalp view of bristle texture cari be used to expl^n why a 
floor brush ri diUcrent from a bla^rkboard eraat^r Howevpr^ understajjding what 
shapes of brushes iur useful for what types of cleaning tasks also requires cnn- 
sidering an abstracted rtpj^KentaLion of the brush "^hkh showp Jupl its overall 
shap«t with the ^bhrfa<es of the shape marled aji lo wliether they are made up 
of the LiuBin^Es ends of bristleSn ihe attachmenl endfi of hrisMej^j or the Eldes of 
bristles. For example^ a bottle brush can be ropre^^nccd as a cylindrical bristle 
section attached arouihd a lonR thin hajiril^. with then^nlireeKlerior of the ey tinder 
beinE composed of the biaslcuiSs ends orfbrlstJes. A floor btnjsh, on the Other hand. 
has a bristle section with all the buiineae ends of the bristle.^ on 0[ic UaL side and 



ihp oUicr ends inf the bristles aLiB<h^d lq « flat hi«:k, |„ fact, the cDa3^s^c2le 
rrpr(^e»taUD,. of fl Hoot brush i^ very similar to ihi. cnarae'Ha:^ rppr^^riiiiiwi 
of ^ hJMkbaard eraser, ^ fa.i wluth mak« k ^«y lo «p!ain ^.hy th«e bn,.liea 
rdquirp aimjlar hand iijoijon^ and are used to dean iimilar aiiape of surfaces 

*hereBs a bolLle bn]!i}i rpquiffa rdiher dilTercnl h^nd uiolJcn? and is u^ed on dif- 
fcrenl lypp^ of surfacft Rtaaanltlg about iKc Fnuctiops of Lhe^ brushes dirtily 
rrun. indivirliiftl brisllp lotatlOiiE -ilhou* usijis abilracted bnslk ^urflcEB *n|]Jd 
be e>[lrcinp|j ■il^n^ and tpdjoua. 

A d]irerenr l.^P" of 'Toraple Involves eds^ LeAiurP, as iJlu^lraLed by Ihe leaJ 
-ilK a i,en-aied ed^t shown m Figure I. Slandard Ipmijiology Tor deairibing Jeaf 
-■.liapes (tf Peirldea 197^} separale the destrlpijon of -, leaf inlo a dPPicrfjH]on of 

ilR overaH !,liape (oblonR, Piarrosi. h earl- slipped, Jnng-pomltd) and a dwrnplinu 
of ihf lexluTP of it^ t-dfiEi (wavy, tnothed, douhle-ioolhed]. A multi-scale Joca] 
!.>mmelr>' analvsi* drarribps boib the nroaftt-acare shape and ihc fln^wale pd^e 

l^ictii re, aa»ho»-n in the uatlPaf example (Fieun:J-4) and lh« COR eKainpJ-.{FiBiitc 
1-6) from C;liapltr ]. IT analyais ts done at onlii one E<ale of rppjesenLalion, it u 
noL possible, in general, l^pkk out both the strraLions and the overall axU of tJiP 
leal. If lb'' Hirralion'^ are visible and dun't fiiafllv linp up on thp tvo aides, the 
□vorall fiyimipitrj a^ig will bs disrupird. 




In both ihp hrusb and the kaf examplea. the coaracr and finer Ha|p re|.jr- 
sEniBlioni «ere jufl^rJofffc/t' different. For example, there may have been regions 
^r Dihpr fedlurPE in the cuars^^ale reprssPniatlon ibat wert noL present in Ihe 
linc-acalfl repre&cnlation. Huth qualitalivt chanjes are u-ieFul nnl only in repre- 



aentins shape, biiL d^o in mote ah^itacL dorrmiTifl. For examplp, reitnt ^-nrk by 
Weld {1984} and Palil [1^81) ii^« qualitin^ely diffErenl represi.ntalioTiH lo rca- 
son about (ompl^a &itllHl]ona b biotheraisiry and medical diaRHcBis. The Milit 

ideas cnuld also solve [ht pToblemE m represenVniE iion-honioBc^eoiiH ncilons di'^ 
cu55«d by Taylor [IQ7T) aud Do*l, (l*79|. Thesp<^lfic examples ihal Taylor and 
DowLy dJacua are in liiiRjislk scmanlkpi, but ihe a:<ii^ins used hy ^llm (iS&'lJ 
Tor reprrtentinR fltllons for pracvlcal rpasoniiiE ha%e the =aijie prob^lenis. 

There are several ierhniqii« for abaltactrng siway fron-Biuall ddail i" a visual 

Imaft*: 

• Fealuri: dmppinEi 

• Boundary sinonlhing- 

• |rria£i- smiolhine; 

■ Thrraliold chanRiTiR 

FtolUie dropping tpchniquca tJike a JTynibolk repregenlalion oF an iniaftp iind 
remote lejions or other ft^ature^ *hLch arf small or uniinpnnaal atcnrdin^ lo 
wcne ffilerlon. This abslracEiOII leirhnique i& pjlreniply imporiariL in hieh'r-}pvel 

leariLlng and reasoning Hc^wever, by ilaclt, f^^Liurf druppine rannm accounl far 
qualiiati^e diflerentei in representaliun btlween finer- and foarser-scaJe views nf 
an object. 

Thrcsliuld thauRJiie involves ch-ineinft the ^eamg h^ a thrpf^hotd thai if uaed 
lo Bel«i whifh feaEures ai* "ao^d enounh" or -salienr. for e>iainpl<!, tegion 
boundaries in imaEt^s differ m Lh*ir slrfnRtha, i.e, in how much the iulcn&lty 
chansps from one sldt of ihe bonudary to the otlier. Pela^lni- .^trenath [hreshulda 
on boundariffi results In more dclailed analysis of the re^jjns in an ImaEe. BlaVe 
(]U^3a. lOP^h) usca sufh a ihrmholJ fhanRiJig lef Kniquo to produre a it'riea of 
leprefiFiiiations^ oE ilic boundaries of ^n imagi'. Like feature droppiiiR. threshold 
fhanEinela a ustful Icf hniquc Pop var^'inn l.h<^ amouniofdelall in a rcpreaentalion- 
Howei-er, il cannot be ihe primary means of ihanaiug the m ak of a represenU- 
lion. FiraV, like feaiure droppinfi, il can only remo*'*: features as erne liehienE Llie 
ihreF-hold, no? add ih^m. FunhermoEe. while lin' aharpnes? cf a boundary ia one 
inditalor of its inipurranfe wiliilri a represenlalion al a particular scale, th.- Piins of 
refiions, rather Uiail their sharpnejE, EDcms lO detennint ihf difi-eirntC^ belweerl 
rtpresentati-^ns at differenL acales. Tinally, represcnlations bawd on thrEshold 
changing arc sensitive lo blurring an imaRP or inlrod^jcinE noise. 



The other techniques for creasing repfesonlAtlons ^l mulliple acihs of fesh- 
Inllon involve smotjthmg Ih? im&ge. For a oi^e-diirienBaaTiftl giftnal, tiich ^ Ihat 
tiFed in Wltkin [1963}^ there is nnly one ahernatlvei smooth the ^[g2i,L\ iuid Lhsn 
extract ^ij^nilirFtnl features at each scajt- However, ^or Lwo-diinenRioiia] images, 
there arp at. leMt tivo ftlttmativcs: 

• Smooth the image and {"xlract boundanea at tach scale (ij^ed by Cmwley iBtia 

and Cafti]y I9S3)- 

• ExtTflft boundaj-les from Lhs imagp 3nd 9]tiooth ihcsc boujidariej^ (used by 
Asada and Brtul> l^&^, Brady and Aflflda 1984, and lloffmaji 1^1*^). 

The ^dvaritaee to *xtractL]]E boundarLea fii^t and then itaoDthint them h 
Ihat it &]|ow-^ region boutldancs frDni Krey-sraje iTTl&ff^ and bounddJ-LGE shoivn in 
line drawin^E lo he analyzed in «:ca':lly tht aame wav lIovFe^er, i^urrent olT-the- 
shtlf boundaij- smooihing t*ch]ii<iLie3 requart: thai bound&rips he simple connected 
curves. IF Ihfirp are j&pg In tlie boundaries, ExnoDlhinK will not operale aniroas the 
gap- Furlher^ it is not obvious how r^nadOthinR should proceed a4:ro35 pohnl^ aL 
which SE-vcral bouridarip^ meet, eg whtn tlaere Is an intern&l color hour>dary. 
Bolh uf Lhcu: types of impprf^clions ocfur ffeytjently in the outpLit nf out ^Ag^ 
finder and aiiioin Jme drawings. In the abaencc ofarobusL algorithm for extrat tint 
^he corrtKL*" connected hour>dary of a figtjre, these delerlj caugeeerious probltms 
for the boundary sTnoothinK approach. 

FurthEr, the gmoothine done by existijifi techniques lor contour emoothbg 
dnMS not match intuitive judfiernents ftHoijt the overall Ehape of abje^rts- For 
«cample, consider the iTna^e oi a drain strainer ^hu^vn ia FiRure ^^ with the 
botmdarieti tjtlracted hy the erigc finder. The Interrtdl boundaries of the holes in 
ih^ Blrainer seem to be detail relative tt? (he exterior boundary oE ihe cibjertn but 
smoothltLg tht InuuEidaricE in this im^gp wall not ellmmatc the inLernal boundaries. 
Smoolhlng the grey-scalc imaRc, howeveri exiracts just tht overall shapp nf the 
objectr as shown in the sarnt ligurs ]n K^^^^r^^li smnwlKing tiie grt:y-scalp image 
produce'i elTects which setm to corrcipocid *eJl to Intuitive ju<lgeiU(*iitE of the 
DVerall shape of objects, 

SmooLhins the grey-scale image also has the advantage that It has the same 
elTcct as Lhe hiurrlng fBUwd by weing tl]e liame scene from a grpfrter distance. 
Thus, a multi-Ecale reprcflpntpiion crealed by smoothbie tht imaftt y\r\\\ be Invari- 
ant acroaa chaaigcs in size. ThiE type of Emoothing is alto the techfiique used by 




FiBurt 0-2 TIk in^-flcalf imrtac oi ^ lutLfil *[rair itraUier at [1 lint sraJc of TtS^jJiJlPOn anJ al 

d C^inrs^r kiIp tJ r*gCilTlt]nTi Tb* l-Ci lird-iric n for l-Cilli tcalt* art aJ^lj ilown RirifinC h iJiJ lb« 
tl.h?V-^Tnlr JiDagc ib?lract! awa> ftom tilt lIpiiiI uf iLt- (ftsnir^d imrriirf r»f 111* liimre E^uLthJ 



]ciw-levd vision dljEarithfiia, &ij(:h as Lhe Hurfftcp intprpolition ttlftoriltims dustnbcd 
by Tprxopoulos llflM}. ThorefoTe. ths tochnfqu* 1 uae ift tomputing r#>pr€E<!nlii" 
tiori* i>f ihe F5hftpe Dfiti obj«:t or a. w:tD* at mulijpl*- K^ale^ i^to firal smwuh Ihe 
RT^j-Hcile imafie and then extracl region b^iindarlts M each scale- SmMthmg 
IS done ^"irh a RniL* mask approsimalnie ft (iaustian filler. Th*" smijcithcd Im- 
ftfie ct siiTQpled al a rait proportional to the fliip of the CftUHian to ertitt* the 
coarser- 5f alp im^iEe. I use ihis Lttfinl-fiue in my implementalion i>f Loeal HoLa- 
tiocial S>-nimeLrii2E. The Smoothed Loral Symmetry esamp|p5 thawn m this i\\ee\b 
uae a version of the Brady arid Aaad a [19^^) Lmplementatinn thai h^s been altE red 
lo use grey-BcaJe smoothinn- Thts techniqup ivas uaed to produce yualiutively 
difTerenl coanse- and fine-^ale reprew^il^itions of im&p:e= suth is the cog and ihc 
oak leal" shown in FigureR 1-4 aJid l-Cr 

OnediwdviJilige tOFmDcithi£ieiK*"arpv-&caJelmftft^3s th^it li perforina poorly 
when the imaEe eonlaina cxlreinely thin Imcs, becftu&e they lend to disappear 
before the shape ihej oncluse is smoothed. Further, when ihere ^re boundaries 
Tviilhonly a small hut ^harp change icy intensity, the bound Anra may nut bi: plcketT 
up hn smoolhed ver^iocis oE ihe imaEe. In eilher of these ciLqi«i, hnaeet may h*ve 
larec fegiona -whose boundanei will not h? detected in smoothed form. However, I 
aubmil thai bLnte5mooihinuerey-3ca|e]maEes seems to be perceptUftHy correct for 
grty'5cale regions and exi^^Llne boundary sinoolhinR lechniquea are not, the n^bt 
floliitionisl^ifind av.ay toemuliiiethc j?ffecisof ihis typcofsmoolhinfiOJi Isola-t^d 
bomidanei^, such at iht boundaiiciiji line dr^wina*. Tlie general idc^i of such m 



approMh would be to aB^um^ thai the l>ciun<[^y is s^paralina l^o ccmtrailPnft 
tcRioTis, ivherc the conLrasL \n this caw mn-^it be intradur^d arttficially, and fig^rE 
ouL T^hit the etfccli dF Eirioothtnft would te. In ihia contextn I should nole ihaL 

in soine ca,ws, e^g. a l^uifiLG oE iwine in a dyttpred room, ihin rcgionK shvi^d 
d]sappf>w ftis foarser-scak rcprespritaiions ire creBled. WheLher thin rcf^ioni^^ art 
relaiiied in coftrf5er'Sfate rtprciJsnLatioiia may deppnd on (actora other thm their 
3LEe and prctporttDn^. 

A 5<»tDnd probfem with aniootMng thi^ grey-scHl^ imagE is thai ^lien iwo 
objtLiH arc npar *>ne another, the gmoothins wifl hlur one inlo Ihe other. In 
H?me cases ihia i& desire hl^, f-ir e>Lamp|pi^hen one it iryir>g C& describe larger-arale 
p&lternsof ArranKPTTienlofobieclaar coftTser-acaJeshapeSr In the initial coirsc-lo- 
fine analysis of a Equation. J do Jiol know o( any ^^±y lodislmgutsh "^Iwn figures'' 
from "ont bgure'' jh> that the IWo cajiw COUJd be smoolhed difFtrently. However, 
afUr fflifl jiff^rt^ ^fc been id^nitJi^fL iL should he posaibJe Ia r^do the smoothing 
dF e^h figure in dependent I ^, without ml^rfejence from Lhe Other lij^ure. ^ince 
Gaussian snioothEn^ [with a finite filter) has on!y local data dependencies, this 
Vfould not require extensive re-computation As in the ra.se of citremely thin 
rcfllons, ii setms a^ though whether ti^u abjf^cts should be *»pftra[^d or blurred 
]nta one another depends on details of the emprgine shape ^nafysts and perhaps 
cin the goal^ or the reasoner using and dirFcting thf shape analy^j^. 



6^2h Relat ]fi£ seiile^ 

hisnotsuPhcierit to analyze an imajeindej>eiident|y at a aeri-ii oE Ecales. Fitst^ 
when an objeet has an overalJ shape and more detailed (pature^. people seem to 
he able lo relate their lor ittions. FW example, the a^es oi thelobea of the oak leaf 
discussed m ChapLsr J j Figure 1-4) are related Iji local inn and orifintaiion to the 
main axis of the [eaf. S^-condlyn tifacient computation oF detailed representations 
for large regions or OLhur Features requires pa.-qsine l]][ormalion between cnar^er 
and [inPT scale^ Thirdly, iF repres^nlations aL different aieales arp not related, ;he 
rtpresentation is sensitive to the details of which discrete set of srftles of resolution 
wer^ rhoseii, a^ noted by Wstkln [iyB3}. Finally, a qualiialjve d*:£cripiioii of the 
stable wprewntatinns of parts of an ini&fle and how they are related in s^alf i* 
more anFnrmatlve than a simple listicie oF rspre-Hentation^ at dj|F«rent scides (also 
notL^d by WiLkin), 



The linX tA.^k itifil mii^L b« dunf in ardor to rsJaLF roprt^ei^talions ftt dlfler- 
rnt sc&l'ta ]? to icdtch tfprrespoadmg fe-ikLurcs at ^tdJEceiiL £Cii]e£. TJ3€r« are two 

different reasoDS for matirhing featurta dl adjaneiiL scaleEz 

■ [>Fr.pctirLg eross-Male properties vi T€presentaLion&s e.g wliieh features ar« 
stable ^Hiros^ a rangp of scul^; 

1 UsiEig roare^-^alf represent&tlona ic guide ^itctjiion m j>roed^lng ^n iJtt&ge 

ak fine scajea_ 

Parsing lTif4rmatlt>n betwcecl dllTGrenl ^ales Is a relatLVefy X^'ell-knuWn tech- 
nique In low-level Herftttve algorJthmi. for ex^iinple, the algurEthcn lor surriuzc 
interpolation de^cribe^i by Teraopoultis [19S4) ptii&^s iiiforniiittoji Eroii] coaraer 
to finer ^rales. Information from coar^r ^cale^ can be ui^d ettber to add ti]arc 
global informalion to Finer- w&le analysiBT or lo focus finer-Hcale proteiitjje on Jusl 
region^ ihat BfpEn Ljitcrfiattng at a ro&rger sf ale. Systems for iraj^king higher-lev^] 
leatuTFs across ara|^ [Aaad^ and Brady Iflhi. WUkin 1983, Canny 1983, Crow- 
|py lys^) havp ncit u^fi coarsp *irftle analyses to guide liner-stale analysis, but 
^cnerale the analyses at earh scale Indppenn^enLly anH Lhen combine ihenj. 

A ptc^ram that tracks fealurcs drrcHa Bcalcs needs Iwd theories of howfeaiurea 
change belween ^ales: 

■ a Lhpcry cF hov: a f^aLurp changes BrnoaLhb between scales; 
* a theory of abmpl changes in featcjrPFi bptiveert sraleir 

The theory of smooth changes spetifies when a feattjre at otie ^*:ilc should be 
considered a manifestation of "Mhe satae" cros^-stale feature ^ aoiue feature at 
an adjacenl scale. For each crosf-scale featuien the program specifies ihe rajLge of 
Kales al whkh the feature 4>ccLirs and the snrales at whkh the feature disinlegrsttd 
or disappears- The length of the range of scales al >vhlcli a gi^ en feature Is detected 
can be uw-d as an index of how stahV or Ralleni thai fealure i^ in the overaH 
analysis, as WItkIn [l{kU3) does. Il TTia> also be pos'^ibLp to dptermine the ^ale 
at whith a particular ffJiLure shows up moat Strongly or coherentJy, as CiDwIey 
{1992} and HofFnjan (1983) try to do. 1'hc theory af abrupt HihauE*-'^ tpcciiccs 
the v^ays in v^hich featurefi csn merg**, split. di^ftppeWn or otherwise abruplly 
J:h&nRe between w&lsfi. When a fpuLuie TPFrnes uKh another TeaturpT splits into 
twD Features, or bear^ aoine other rDldCiocL^hip to Features that replace it ^hen iL 
di^^S^pearSn tilt^e relatluai^llip^ atecHpllcitly iiOtL^ In Lhir nhulti-S4:a]L^n:prt.^i=vntLDn. 



Theories of amoolh rhange in fpglurr.* are geiiuratly more or leas alraighL- 
farNarnJ. For simple fcalure^, *,, cxacl imLhemallial anjilvsia o[ possibfe thangre 
can bp dour. For exainplE. Canny {19B3} d™. a niath^matiLal t.fculaMon of 
the predined shape (nf a rinB-waie tdR-- jii a coar!,er-&cfl]c m (nrdrir lo deleiininc- 
whelkEr ii ahniuM bf malcbEd wiih a Riven ta^Et-yalf cd^e. The cunenl LRS 
irapluineuifl^ion uses a Theot> or amoolh cc^rreapundenHre bdWEen LHS re^iona ld 
Pi'a suggcELJotie from one acale of aiiilj'.is lo iht n.xl fin^^r «aJe, Slnt€ ihin 
implemeiiLalic^ji ^nty useq iKe l^jcaiiona of houridarles and not thEJr strengths And 
sinre il i*orfcE from toai^r scaleR lo fiiiei bc^Jm, Canny's reaulla for buundary 
malching roul<| not be u^ed direclfy. In urder tn pais mfnrrnalion from o„. E^ile 
to Another. I um. emjtincfllly detPimined eatimatePi of ho*- miith displacei^cni lo 
Expect h*tw«.n a boundary or a center location dl one stale arid ^ corr^punding 
boKudar^ <,r cERl^r lotalion at ih^ n«:l ELnsr s^ale. The correapondenf.s used 
in doing the Euggeallon pjLssing could elau be unfd To mairh rcg[oii^ found s« 
□nE ^cafe with regions found at the ne^L lintr scale, in order lo prodL>ce a lypp 
of HBle-apace anatysls of ihf LRS region!!. This ba-s not yeL been iinpJemenLEd, 
aElhough JLS fEanJbillty is obvious from ihe smooth changes in analjsis between 
dilFeretit scales of the LRS analyeJs of lest imager (se? Section A.7) and from the 
fact ihal Ihe suRRE^lion passins mechanism work^. 

Abrupt channel include fcatur-s disappearing at coarser or finsr scales [Witkin 
(lOea) eyplicilfy rule^ out ditappearancEs}, iwo line-stile feaLnrefl merging at a 
foarae wale, jind olher typts of change*, (fn general, two coarte-.wale fealurea 
do not merge at a rmer e'ale ) NpaL luathemalifal theories of eilher oE Lhese 
phenp.nEna are ea^iesl lo hnlW Tot bw^levH Fea.ures, such as ihe infleHiiions ihat 
Wllkm tracks. The beT of primliire? thai Asada and Brady \1964] and Poote 
and Brady (lOfls) ubc far dewribing boundaries i^ richer than Wntin's piiniilives 
Therefore, in their reprpsfnlations, Ihe pus^iblP relalionships hetween a coarse, 
wale primirivp and one or more liner-scale ptimilivea are more camplex. For 
higher-level fealurps, amh as Li^S regions, ihe poiRihIe lypes of abrupl L:hangf.s 
belWEen scales are yet morE varied. When a coarse-scale reaion diainCtgralis ai a 
Sn^r scalp, the regionfl thai Wifl be grneraled lo describe Correspond In g wction^ 
of bnundarv in ihe Bne-w: ale repni^entaiinn are related to paiterns oF paramelcr 
change in the coarw-scale region. For ejaniple. a ruund rejiion WLlb a smoolh 
pftiodic variation in ils radium will l>frat apart Inloa series of sirall round regions. 
However, il h not clear to nje whelher there is anj reaaon lo work niii all possible 



relacjonshjp^ in detailr it sullices lo i>xpllcLl!y observe the abrupt chi^Tig^'^ wlien 
doing a]] anal}i3t5 of^n image. 

I ahc^Lild nchte th&t^ m th? i^urrci]! LRS LUkplL-j^j^]UAtlon^ wh^n The analysis 
changes qualilalively bel^freen scalcSs there are tfften sei^erftl inlermfdiatr sfftles 
Et M'hich the liiie-=ir;tlp and the coarse-Kale analysK co-eKUt, m sompwhai de- 
^raiied fDrm- This behavior resemble* ihe behavior of comp^tinR Khape models 
on inLermediate ^haptft^ the two analyses ro-esisi for w^eraL ^aNs and each 
analysb dpflradpF smoolhly as the scale is varied, resuliini; m a combined snalyFis 
Lhat It«La.ble ujldft chan^^e in 5ca]e. Thi^ behavior seems lo be di^crent from Lht= 
b«havlC]J- i^r fiimpE^ primiUvc^, snrh a^ the inflectian^ tracked by WiLkiJi or tJte 
CutVatuiE primal slfctch priTTlUives nfl^rAdy and A^ada These SLtnpJEi pritn|L|V£ft 
■plil, njri^rge, Ot disappear abruptly rather than gMdiiaJly lading oR, 

^\'hen Lberc ar^ quA|itaL]ve fhan^^:^ in repre^entallon between dlflcrenL scales 
of analyr^is, ihc hlgh-LeV^lsyinbcilic rcprcs^jnLations at ea4.h Ecaleshuuld bt' related ^ 
The telalLVe ^ijarlaE locations aiid Dnt:nL<it]UT]£ oi ax^s Aitd cenlem dE regions at 
adjacent ^£aks should be i^pecilhed, possibly in cXarL]> the sainc Vha> 4is TLlallVe 
pugLttu]]s uf regions at the e^e]ii: scale. A f Dud cx2ii[]plc uE this is a lobed leaF^ such 
a^ LllC uak Itaf shown l[i FigiUv 1-4. Because t]]0 lobus are [idle^^CLly ^^ [nmetncalf 
the main axis <pf the leaf^an only beeKtracled aL a coar^ ^calt ot reprcacnution. 
The axes of the individual lobes can only be exlrarted at some^^hal flm^r scalflt. 
Tlo^'ever, specifyiiig the pattern of attachment of ihe lobes lo the main axis of 
Ihe leaf jp important in describing diffeierit lypes of lobed leaves fnifr Petrides 
1972)r Therefor^! the joins between these primitives should be related, despite 
Ihe difference in scale. 

0.3. Locality of computation 

II is not practical to compute relation^jps auch as Smoothed L<H:al Syiiime- 
tries between all pairs of boundary points or other items In an image Such global 
eilhBtifitn'p paarii'ise fcunpuLatiDn for a ^d[mens]anal imafie ivLll j^raw as [?(ti } in 
Lbs area of lh4> iina^c, even if Lhe computation For Any pair of fuAturcs is constant . 
SLQiLl^LiJyH computation ot Local HotEiKioiial Symmetrk^ for all buund^y polnLe 
and all possible centers in an Image grow^ as 0[n^) in lhe ar^a of the im&g^- Thra 
Is true even if the renter locations coris-dered are restiricted lo Incalions close 
enough to the set of boundary points that a boundary mads From these points 
could Span aoin« tnuEunal percentage of the angles around the center. Data com- 



pTeg^inu lef hniqu«:^iKh n? the tfrhnique of flT^pto^mjiirnB rhe totiLnur by a aet 
of \\»e fieEmcnLE and circulaj arcE IhaL Brady and AEada (lOSj) uic can pto-fucc 
a 5uJi5lanlial lin^ir spetdup in ihe cojiiputalinji for a f3x-.d a-ale oF resolution 
hul do uol th^ngp [he [flte orgroivlh bp th* lola] nuniber of bnundaiina jq ihe 
ImflRe ftra'rt'1- No( n]ii\ diX'S ^^omputaLicn time giow ii 0(fi=} jn the unnibir of 
boiii]iJ-ri srsmenis, bin a f hariftf in any pan of an image or an ad di lion of an ad- 
dilEouaf BEction nfimBge frum dnoiJiPi- vjpw requires reccunpiiLaiiofi of aymniBtrit; 
nffefling aW sPEmenla in the image. 

lion of Lutal Raurionar Symmeiries to boundaries and I,RS lEniPT lotaiions thai 
arPwithinsomG fixed dislanc.Dfea^liolh^T. Sin.ilflrls.rompula[ionof?raooihHl 
Lo.al Symmetries ihoufd be rt.tn.Led to pai^ of boundary pomta J«a| lo on^ 
iLnnther. Not only i. locality n.«H,ary for efR.icnt compuiatior of .^mni.tr^. 
reRinns, ^ut the synim.lriE. eliminaled by fotaliry .Reem noi lo be perteprually 
E^aJicnt. Sini-e ih. .ymmelry ronip^talion run^ at mullipf. .ralf. of reiolmion 
sufh a re^irlrtior do^ not prpvenl the aJ^orilhrn f,«n, findina a^\oK^ of arbi- 
trarily iarie .i?e: the boundaries of large regiojii will be [ofal lo one another 
a, a .ufficEn.ly coarse ,cafG FurlhErino»., once « symmetry region ha^ been 
hVpoLhe^izeJ ai a co-™ ^ale. jt ran bp etficieritiy iratked down lo liner 
of repre^nlation. Thi,., J, loral muHl-sceJe compmallon in which mrorniali 
passed helwpen Acaltt has tlit foJIowinE properties; 

■ it ig Hcciiraft; 

■ it b efRcientiand 
• il ia ahJe lo detect large foalureE. 

The re..rictlo- impo^d hy locality i. that, in order to be salient, a r.fiion must 

>l.ow,,paB^fie„tata»calecoa^e enough that (i.e.ym,„e,rjei forming the resion 
are loeaL That i.. if the region k elongai^d, it mu.t .f,ow up ai a .^alc^ at which 

It* widlh J. .mail. 1/ the Tegion is round, Tl n,i;.t show up ^t a a^aJe al which il. 

radius i, squall. My .^perien.e wi,h .VK^melry repr^^n.alion. of objer,. b.dkales 

that, at le^l to a firs, approxlmatio.i, ,he potential syn^metry reglona pruned by 

th^ locaJcly ratriclion are not perrepluaJly salient. For example. Figure 3 EhoWB 

Ihe smoothed local .ym»,efi^.. of th^ oafc leaf h^ Chapter 1 nt a line scale of 

re^Jution. The ^ymni^^tries nea, th,: bo,>ndaries st.m per^epiualfv Ealicnl- ihey 

m^rk the ayes of elo.Leated or pointed refiiona in the tfiure. However, symniotjieB 



ion i5 



whMthoiipdiiricaaMfarapiLrlrflJativetothe&re&orih* t^mrntlry rtelon^aiJC^^ 
man^ o[ Ihe syminclrles with axes nefli the center of the leaTt ire nol ptnrep^Liiklly 
salient. The ^iXfls tpf ihese fijimn^lrles ptrile people as meAninglctis tiolse in the 
^natv&lg. It tsnot jnst that peopJe coJ1Aiclt^t the^ regions countt>]ntuitLve^ people 
rftm perpfesed that one *cnild i.^\Lr^ ci>nsldej' ^yrnmetrieg bplween two raniJcun 
pieces 4^ boundnry in touLly unrclatt^ part^ oT the imi^gpr 




tf the l«^ and tli« tin«~ tinc^ ^it'- th^ ^^r* ^f BjnDutlii^iJ Luc^L Synkaii^ti l«&. £i)Jhinh^riee ivhote 
wbciBe bouD^ubtB iirf Far iiri^L fnr ihcir Etii[rLfii k^hl Eikt j~Litiil4Jhi^ juii); iii tli^ uiELt^GL2. Tb]F a 
the haf k jrowTiiS H?n whi^h th* Itaf w^u: pbL^iLisr^]jh«d f 



Une nltscraptton of why nen-local Sinuot-heiJ LocaJ S^cuniftrl^s are bad Is that 
Id be percept ua]l^ g^]i«nt, an 5LS tei^idi] cnust h^vc ^ lo^v enough ratio of width 
to length (the eo-c-alled **aBpcct ratio^ uf the region). For round reginnfiT there 
is an an^loRDus [rieEi£Ljr&^ the angular length of ih^ hnnndary around thE center 
oE the nzgJLhn. Helde [\99i] ftjid Conripll (l*W5j use aspccL ratio tu filter out 
undoftLtAble symmetry rpnions after tliey ha^e becJi hypulhesiaed, How^iver^ it la 
not 1-lear how io ubp ihl^ meaiiUn: to ^votd computing m^jgl of these regipn^ in 
the fir^l plare_ For regions Without muth Offluslon, lhp localiLy ccmsLrainL wiH 
lend to keep the aJgorlthm from h>pothesizinB rpgions with bad aipeci r^tbos. 
This ha|>p4^i3S because a region w)Lh a gnod aspect ratio will ti^tid lo ^\iry'\yt the 



BmcH>lKin£ and sampling process until it la small enoLigh 1^ bt deU^ctEd. Tlo^^v^r, 
in geneialH ihe two conr^tFAints do not correlate eH^clly^ parLiculu-ly whtn ^hape^ 
3.ZB atLached or ofclude one another. 

6r4. luter^scal^ conitnuui^^lLoti ^tid ^tLL-ihtlurj 

The cnrrenL LmplcTnEnlation for computmR Local Ratal irjn&l SynLmctrtes pro- 
cedcIe rioni cOfLTEf^^zf alo ropreGcntalLnns Ld Eine-±ca|e rEpre&f n littqon^- For cach 
s£al4±, it du<?s an ci^hauslLvu cmnputaLiDn oE 5> mmctncs ^hnsfi CEnler^ lie with in a 
fixf]d S^artll radius of thi^jr bcmtidary poinl^. \i al^o compulGS ^id^r-EraJE symmE- 
Irica fur centers and buundaiy pc^intB snggEsted by regiam tound at Lhe pr^vlauE 
(coarser) scale. 

My algorithtV] for local d^omputatloci and mler-trale £71j^<jeIioi]e m&y be an 
over-slmplificalion of ihe algorithm thai people use. For example^ the algorithm 
people List might be a irn^re complex iterative process of dohig ati e^hau^tive 
compulatJOCL. focus^Liag atleiitton on only the most promising locations. aiLd th^ti 
extending the exhaustive computation to a wider search radius fof Just thcsst 
sfleflpd lorationji Fnr Pi^&inplp, fl would bf p^' to protJure a v^p^ion of my 
algorithm In which ih^ eKhnn-^tivp search mdhi? vflrled depending on the density 
of boundaries In th? image. This vroul-d h&ve the effect iKat certain tjpe5 of 
Tcgkon^ (^K- ^ rej^lDTi w|ih a boundary madE up of Tnan^ disjoint ^e^'Lion^ i^r 
boUT^dary or a n^lon bo^mded by a thin line) Would be salient when they &re the 
only thmg ip ths ImaRe, re In Fi^iure 4 (leEc)- but no! when ibere ifi cInTier aroimd 
theniT S5 m FtKure 4 (riRhtJn 

Context or other features might also^ be used to direct attention to specific 
portions of the image or to specific features. For e^ainplc^ regions that might not 
be noticed in ^ neutral cochtcXt may b^ fuuikd lF tfLe>' arc ±1 pec i M cal l> pointed nut^ 
Sections of bciu]]iiarV ^'Ith clost^ to COElStartt lonjal curvature ETiighl trigger a Bearch 
at the center predlcteil h> Itielr i:ur^'itturej beyond iKe us^jal search radlu*. Slnte 
Ihe data deperidemrles in the LR^ computation are extremely locaL it would nut 
be difficult to produn^e a vfr^inn of the computation ^'hlch could focus attejilinn 
on suju;esLEd locatiocks, eg bv locally "^iduniTig parameter settm^^ J dn nc?1 
kno^' whi:ttker aJiV of tliesC Lhing!^ actually happen iti human shape pErceptiou- 
Riither, the> are examples of factor* that it would be worth considering when 
using detailed psychological evidence to jellne this theory of shape r^preaentatiun. 






^ 




^ 



F]f|jn fl-4 Eff«.t of cLuiLcmtt HiLn-ncf i^E rcgioiia. On ih^ Ml art- Bli^P^Tt a rubied rfffinri whote 

bLuindirTubioJi^ii^r tywiHutJCHii (iopf, ^<c.iiii*rti?iH Iknc iiiJ 4i r.]iinilfiFa" wliwc hounds*^ \i 

pn Lhc fht^bl . — 



6. a. SumuiBry 

This chapler haa descj-ibe^l a number nfijrirfcij^le:, mvtnfvcd in compullUBfilmpe 
rrpnocQLalLDnfi al mulLiple &ralftg of d^-L3^\. 7hp |cpj' idea? IhValvpd ire- 

• BeprMenmlons ihouJJ be ahle 1o thange qualilatJvely l-cl^een scales; 

• The Usl of Lhc EvaJlaWe l*i fij, jq ui^ lor prnducinn mulMple-«a|p repreBenla- 
LianE of vi^iijil Inpul L^ smi^nliiir.fi Ihe Brey.gfflJc imafie, bwausfi ]t it mure 
robusl thafy bDi.nd^j ^mooLhing and hetJiua. ii prori,irt. qn^litj^tive changea 



h^iwef n scalei 



. Compuiilio,, .h'iul<l Ic kept l«La|, both f->r .-Ifirieiicy and Imzc^UW non-foca| 

rflldtionahipb are noi ptmepiuaJlv satJunC- 

. Repr^-nLaliansal dirferent «a]« ihc^uld b,. reJatfd ar>d su»,niar[i^d in a [ypr 
or Wialy^ similar lo Witkin's ,«ale-,pi,ce analy.i. of f-<llmEj,.ior.al .jgnaJs. 

Th«e ideas. wiLh the <>xceptlo„ ^f a fUf^rale^^ace type^nftlysr.. wer. „3ed ,n Lhe 
current impleincntalion of the alEorilhn, For «mp,uini Loral RoLaiio„al .^..^n,^. 
try r**ion.. Sirnila^ i^th„iqiif. .hnuid be ^fw be u?ed j„ tomp„iiNg SmoOihed 
Ucal Syn,n.elxi^. However, ii.e .nly .hange tha, ^^ ea.y ic make, ^v^tho^t 
cKeniiLvr re-rmplcmejiuri^r,, was l,. „.e irnage srno^di.da in p]^e of boundan,- 



Chjpter 7i Ooiidu^rion and Fuliire work 

111 ihi^ thesJa, 1 5iavp developed & reprracnlp'ion for round reRiunK. Uc-il Ho- 
talional SypimrtfJes, ihil (iin servn ab a tunipenion Lo ihc SmnoLhcd Lotnl Sym- 
niclry iept*.B(]nlatlon [or clonsalerf reBions. An alfiotillini for coinT-uUng ihmc 

rfprewniatjfliis has hem inipleTnenrid which computer ppmcijlually reaaninble 
rtEinji'^ from unreiouched imfls^ oJ «fi^ oh]E(is. The hi^h poinr^ nf thit rcpre- 

« Local RoVdilonBl Svnimeiriffi are a robust, peTtcplually reaaonable reprecn- 
iBtion for round rpfiiona. !^T^oo^lLed Local Syuucelriea aip ufistebie on such 
reftions and do noi allien ihem pcrftptufiHy reasonable analyses. 

. Th«.e Lwo lypepi of h.ci\ symmetry repre^fntalions (l) repreient a i*idpr tla.'.B 
of ^hape ihan mmpciinB ippreaenl-alionH, al luwfr compuLatJunal coat, {2) 
inforporflle a conattuclive delinilioTi nf aKJs or center of a region, and [aj 
repreBeul and relalc both regieni and their buundarieSr 

> ShapKi inl-irinediate between lvo lypes of shape anfllyais tan have mulliplr 
analysei, flllowinR Ihii ahapfi rpprr^ulation as a whole to be liable, 

• The Inf al multlpl^-^ialc lorapuTaiioii wUh infnrmalion paii^eil belween wales 
allows {I) j:ffnienl comi^utallon, (?) dtlection oFathilrarily i^'K^ f^alures, (S) 
hifihly delailed end accutale iraulLs, [4] repreEeui-lionPi thai art liable under 
amalJ chacifees in the input, (5} use uf sugaesLitms from faarw scales to focUB 

fine -scde pCUCeUJILB. 

• The loratity teslrirlion causes the repreBenlflLio» lo avoid geni-ratinR a flass 
of ^ymmelries thai ase uol peiceplually aaliept. 

■ Tfie u^ of Br-iy-arake unage smonthuiE ralher ihan boundary suioothmg al- 
Itiv^s qiialUalJve thanfiw in represetbCalLon of the iort rHtuLred tor practical 
reaMninR and maJ;es Lhe alEoiiihm %«ork robustly in the prewjice of gap^ and 
oiher deTcfle in resion bnundaneSr 

a The iniplemenlaHou worlis robuslly on unrelourhed, nalutal inpiii images. U 
does not Impose special reslriilion? "^uth as fequirijiR closed hoimdarwi. 

In Che previous t hap Lers, I have mem inned a number of areas in whitb future 
work tould eMend or feline Ihe ihrorles presiriled here: 



a Ufiltifi dctaiLpd p?ycKo|jigkaf and ppychophyskaJ evidencE &houT humaji per- 
dtpltufli of shape to refine 4^valuB.tLc»n mel^ica^ parunDLBrB, and aigoj-ithtna for 
Eifldiiia opLimal regions; 

• Usln^ Hialhem&li<nl (e^hnt^uci commnnly used in ]DVh-l€vel vigion^ &Lich as 
reguiaj-izALion, lo find a iMtler aJgunLhrn [or the oplimizaliDn probjeinj 

• FincSinga vereLonoElhenqn-overliiptcinslraint andiiori-ma:tcmijmstippr^s=ilon 
thftt Is robLial and anrpe? wilh hur]]LLl] jJurcLplionii: 

• Developing a represEntaiion for Elrajght linEiE wid the 2-<limLnaiQn&] hftlf-opejj 
regtons Kh%iy bonnd^ 

• D^vetoping a regaon roior conatr^JuL ihat is robu-^t and agresR wiili hun^ui 
perceptions' 

• E>:Lend]nK thf repFMentalioni and alsonLhrns lo 3-dimejisninal otjecla; 

■ Developing & system for bujiding symbolic rppre^ntations [or roLtnd regions 
Iroin Lhe LR.S output; 

■ D€>elap]nR a ^ysTem for bLiJldt]]^ repi^c^enlatlons for comgilex re^i^n^ from the 
LRS and SLS oulput: 

• Fmding algcjrjlhms for arbllralinji b«l-we?n nlternalivc represEntftiiQns for re- 
^ns, ifQJng bolb SLS and LItS analy&Es- 

• BiiildinR a syslem to match j-^glt^i^s- bELwe^n Rcales to produce a scal^Epnre 
analysis of regions in a 2-D ]lr]aBci 

fe FindinR iriEthfid? for alloivinft seknted lonj; than regions to be sniDoLh^d a-s if 

lIlBli' Were Lhe boundftriei of grcy-^dle re^inns. 

Another lopic for further rcsEarch ifl to build a new ImplEmentationof thej^ode 
far computing Smoothed Local SyTT^jnelriefl^ mcorporatin^ thp following Idcjs 
frtrni my LRS ImplemLntaLiont 

• Detecting iKe cntinite degeneracies on round regions sjid line* in a prmctpLcd 
raanner; 

• SlTjOOlhlng the firej-Bcale aTrAJt^T ralJieJ" tlian the boundaraes: 

• Mfttf'hing regions frocn adjacent 5r&l?a €o that inforcnatiDn can be parsed be- 
t^i'ft^n sr&lea; 

» UsLna a ]aca] mu]l]-9Calt algorithi]! to compuLE P3(^n:t ^ymmetrits, 



• Perhaps B-llowine inesact ayinnitlriM, pnrticukj-|y when £CEin.litng ^i 4 Rue 
Kale for it region found &t * coarser scale. 

In Eact, Lhe Smoothed Local SyitiinelTy fotJe uFsd to prod-jtc trample* for thbs 
ihesis his alivady bpen idlcr^ SO ih&t ii producES r^prtatntatkona al multEplE 
scales bj smoDihrns itie grey-scale imBRc, riihej- thais by smoothing ihr bound- 
ari€E_ This allows the fodc to run robutlly un th-^ rte'^f* hHOUnHlaries found in rsal 
Ld]^EOS. ^ilhoLit requiring that the boundine contour of &ji object be exLr^tcd 
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Appendix; The Code 

ThtfoHnwinei^dBDEliEl llip ZETALIS^■ cnde fur comjjulina IjH-al RolaLioual 
SyHjinelri region!,. On]y the code for rompTilinG Ljie ayimneiripfl anJ building 
COlLJiPCIed T*^g]im£ [E shown. The lOmplete &>&Lrin a|?o fonlain^ noAn for smnolh- 
luR anil ■^amplinE imjigeH, fodp for (lisplajiJiLE rraulis Eijid perual resuk^, rodt fur 
:.avine re-iulls in RWi and and rflading Lhem haffc in, and ihc code For ihc cdflc 
findpr deMiibed In Canny (19931. 



, - Dv«rviri 



,: The input to tht code ia a IibT. oI ^tjicta oi fL*Vor 

\- lrfi-analyal*-Bt-flCil<r Initially. *fich of Lhtae 

15 ■nil^ifhfl ciantiina only a flrtpnthett version &f thr nfljifl^l 

i- iBAge ajid the toUJ;iJ»*rlea Jound lay tTa* =1]^* finder Jor th»t imagv 

I; Til* ihH^dSfl &J* typically crtrtced ao that th» irn(t la ahruiLt 

^' bj A lactor t>r p^rtO) in each di.menp|on btt^ten adjacant 

tt i^r^le^ The iNTiJt iyflPK irt ^rd^red in the Iib^h wi^h c^araer 

! J Bcales llrat 



Idef-llaTur Ira-anAl^iia-at-acalt 

|e]qunsiChn-fLct«r :, hci^ itiich ixae^ ""■ *ftriwilc 
^omtmted-p ,r have rrgiona b*eci lound lor thl* actlc j-et^ 

flttQDthed-lniftfl . tao^thed ftrey-e^ialo laage 
or iPJit*L lot -array ,. bomniirLttt iron thia imigv 
all-reeionn .. Liat of LRfi ra^iont 'or all centers 

beDi.-regioiiB LflF regiaaa after non-MJ^Uuu auppreaaion 

Eii^efltifln-cBflter-Liat ., CBUtrr locatlona aMSB^atwd by 

., re^Lona at prvTiOl** toaraer Bcale 
BbEff*«tl4n»^ :; aiigg'Htioni& fron previous (coarserl pc^T.* 
(J 
ge ttable - inatam; c ■ i^a r iablen 
. ■■ t L4bl* ' 1 tatanc e - van abl41 > 

.: To ^owpiit* LhS regiona. thff T^nctior Irs-Bulti-icil* If tailed 

on thiB LiH nj spalyaLE nbje-ctB- 



WttlU'Pcale code 



(dflmethod (Lra-Atialyais-at-BcalB H^uupute-rejlonsJ 
(^optional fwlnd&* Ml) (aax-radiaa 1&) 
(rrax-dEVUticin &») ( a a:^ - ang 1 ■ ■ dl ataiic t bOQt 
(nin-e?alnat]i3n & D) (cax-average-dff'^lqtiarL 3D0] 
fmin-pflrc*ntajie 10) (aaic-porcpntaje-lor-diBtlnctji^tt fiOJl 
fjttq ^11-reEicins 

(coaputv -aU - regl cm a - f or - 1 a a gv ^ if 1 1 b ^ auueatioiu 

orlentatioQ-amT ^tig^eation-center-liat- auj^jeationa 
windflw filjx-radLnB maJ:-deviatl<]^ aa:^ - ang Le -d 1 at ^ nc * 
min-evaliiati^h [Da:^-averaEe-deTiat3«n ^1 n - pa re entage 
ma^ ■ ptrc fcnta ge-fcfr-diBtint tne a a )] 
(format t ""^Picting twnt regions'') 
isetq b««t^refllona 

(flet -local -t**t ■ regl ons 

ail-regions na:<-pertejatAte-far-diEtlnctftelLi)) 
(setq c&Bpilt(d-p t() 
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Called Jar aide-e-lietT. 

JhiB luficLion ccmputps LRB re^leni tt rmltlpt? bc&Ivb. pA^ilnt 
dflTjji flu^g*iLt inn?i TrH^m cn^reer to iiner Br&Les 
in WiBn the beat LHE regioriB are c«}[iput*4 for i gi^fn Bralfl . th*v 

(dvlun LrB-i]uLti-ECAlfl Lc advert td-acltd^vn 

toptic^n^l (ulndc^H nil) (b^aIc 1 0") 

<[UX-rBdLILB S] 

(DAZ^-dtvUtlcin &00> (maj:-ui(le^dlGtiitic:fa £c^[?) 
fain-BTAlaBtlon 7 D) < n* :< - 1 v#r*BB -devi a 1 1 oq 20DJ 
tBla-[>frrctcitflg» 101 

r nax -perc cnt Age -^or-dKL^nr tnvsB 50 ) 
(ez^anal&B'fjiCT.or iaqrt 2))J 
{dcH [InyliAt tqhVtrted^vcltdovn (cdjr TiyliBt))) 

(rcrELftt t ""Tfltflupmtng rvglona for scale "a" 
4und (car ayliat) ' expantlcjn- factor] 3 
(send Tctr tyliit) ' cpnputa-rvgiQEia 
nil r , tfindotf 
mbK-radlu* p^y-cjpv^At-Ion [>ax-an£le-dlntuicfl 
mi n-evaluat i as sad: - ave r a^e ' ^^v 1 h t i gn 
nan" ptf-c thtai^e ma ^ - p« r c #nt age- far- diatlnc I^b ai i 
itM^^t t '~X~a eon! re^LonB icund" 

[length (flend (c^f hJl]Pt> ' bent.- rfl^ions) 1 ] 
Id? 11 at (region (n^nd (car D7liBt> ' .best-rejiArLA)) 

tioraat t " "a* <i:ar reglcti))) 
(cond (Cuid vindcHhr laflsd (car ajLiBt) ' .beat*re|3,<}fla)} 

ih^iii viJidDV ' set-curaQTpfts bO bG) 
i*trn3 "TirtdDT ' (it-Sng-Pui- 

(fcmat nLl *T}ifl beat regiona for actle ~« " 

(iend {car myliEt) ' expasal on - 1 a^ terl ] ) 
(aasd vindflff ' SBt-foraorpE^a {^i 
(aend (car m^llat) 

' "dnt-diBplaj-onentatlor-arrar 
insdciir 100 ]0a flcalfl) 
fdolial L region (send (car ayliBt) ' bcBt-re^lcna)) 
(dlaplay-cantflr-bohisdary (nrti 3 r^g^nn) 

(nth 1 iBgicin) 
(ntb 3 rvgic^n) 
vindow 100 lOO 
(-^ acal* 

tsend (car s^ltat] 

' «Tpanaion- factor))]))) 
(ccnd ((not (null (cdr ayliat)!) 

(paaa-dotfn-aimeatioEia (car ajllit) (Cadr njllatj 

BicpaiLBioa-f Actcr) J ] ) ) 
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(aetq ^fl^lfLt <H ^^^uicH 

(tana 

Ctia Ke - Eiiger f 1 1 on- f run - Ttg ion 

[// (b^jM ciuTtnt-infclyBU ' tspftMlon-1 ic t^r J 

(flend jiFxt-tnalyBiB ' e spiiiai oh - 1 tttor) | 

expajiB J 041 ' f an: t or ) 

Iftund ncjit-AiiBly^iB ' EnggBfticmH)))! J 

(dDliBt fi^^M"!^^"^ (Bend DBxt-iJial/aifl ' jiu^estion*)) 

(dqllPt (cfnttf Icar suRap at nsn | ) 

Icojid <<aot (»n^er center 

(frDCLd iieTt-BnfclyfliB ' -injjEBtloQ-FPntflr-iimj J 

Uend nd^-ftJialysi* ■ .a*t-EUftg=atlon-cfliittr-liAt 

(cons center 



;■ C^plit B t LOU nf r&dtx lAd orlMlt*t 1 OTtB 

;■ For Hch boTuidary- paint loc-tion in r^atX. Mat contHna {sriBhtttion fli 

77 point froE BaK}[ c^^ter 

Idefiin nBt*-center-orient4ti&JTnaak (najrTAdiuBl 
iUt ((naftX CiiAtfl-arraJ {liat (W (^ ^ ttaii - rid tnfill 

■ tiTi* 'urt-lflb)) 
ItiiEe (1« f+ ^ mB3[-radlL^>J) 
(dfllt*-K nil) 
(Llt|tA-y nit> 
t erl flu t Atl oa bi 1 ) ) 

r^etq dftlt4-y (- y MX-rBdl«>> 
[rilDt^n«A (x «i£B) 

(aetq dtlta-K C- i: b4x- r*d 1 hb J ) 

Ciord HiM (* dBlU'J:) 

[* deltB-y))) 

(■■tq Mxmtation t^xlinj £// (* lEDD Utan d*Lta-y diitB-Kj) 

pi))) 
(^gpd a<- qnritrtatlon Q] :, i.# . 1 thinfc. iF eq^ial to tsro 

(tetq Drlefttttion (* nnentitiort a600)Jll 
Uabl oriBnUtian ii»k m y))))} 
ma ah)] 
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,. Far fl^^Ji bnujidftrT'pQijgt Ijscation in miBk. misk cptit*inH radlUi iron 

(jEfiui nit«-r4dHifl-j|^Ek-i^it.hout-j|liBiiig-cDrnerft < ri j n - ndLUE n^jz-radlu*) 
{Let [{itiik <rti>*-trJ4y (liEt 11-* <■♦ 2 nt^^radiiu>> 

<]• <* 2 raa^i-rAdSUiH) 
^ typ# 'flrt-ietl] 
fflizt flf (4 :? rtix-radmsj)) 
(flelti-x ml) 
tdeltB-y ml) 
(rAdlLj4 iiil)) 
fflJlirraj mask '(0)) 
(dotLmea |j eizfl) 

Ca^tq delta-y (■ y Bi>t-rftdluB|> 
(dotin^fl (:^ fliztj 

(n«tq deLtA-j: (■ i^ ia:t - rad i iifl) ) 

(Bitq ridUe Ulaor Uqr^ i* f* delti-a dflltt-^) 

(♦ i3cUi-/ deltA-}^)})^ 
(cojid [[>* radius ain-radlilB) 

CaB«t radUB miBk x j) >])) 

(dclVir ^c n-SAak - niL v- rftdiuf^ ^Ci) 
CdfrfvAr ^ ex - rod] UA - ni it)L* 

(Bi_^e-iecit*t--orientaticin-rtii(k «cra-[iaAk-[ia:<-rbdluB')) 

:; U»BE one nAflli^ n^f ^ize 30 to cchap^ttv ridii 

:, EfltLfflfltoft values for l^i'jnr diBplacemflnt* bflEod on valuer Iron 
r , thfl Bxall array 

Idflfiui (£t.-t^tl3iAtBd-r&diufl [4tilt«-E dell:B-y] 
(nlfl* (Cfictor 1 (* 2 factor])) 

(lind [<*■ (aba iroimd delt**i -f ictorj ) ♦CB-siipk-mtc-radlut-*) 
1<» (aha (r*tind deLti-y iactur]) ♦cn-miak-m^^-radLUfl*:)) 
i-* factqnr lireit ^'cn-radlCB'mKBh* 

<* (mnnd delta'i: [4tt[jr> -ca-Bail^'naK-radiufi*) 

f+ (raufU] dvlla-y factor) -^m-Baat-MK-rftdniB*!]) JiJ 

tt Haea one aath^ of aize 20 to ciacppot* ur Lent a 1 1 oh b 

. . EatSantca 7alueB ior Iflrger dLsplaecBentb baasd on iftltu* Irom 

, ; ttiB amaLl #rray 

tdi^iui gfft-tEtittated-orlfrntflticin (delta-zc d^lti-y] 
(dcH* H^antor ] {* 2 iactor))) 

f<*jid (<- labB {roujid d^lta-x fact&r>> "♦cB-aaat-aaK-radlnB*) 
(<" <^bm (round delta-y fact&rl) -^m-cuah-nax-jadl&**) J 
(4rfrf ^cn-CHrLentatton^riBBk^ 

1+ (roiind dfllta-3: ftctofi-) '<;m-Baak-nii^'ridinB') 

[+ (round delt»-j iactor) ^c a - aa^^L- Ra:^- radma + ] ] ) ) ) 
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■ Th* iv^ criflntAticnfl ehould be m th* range (O.SMOl 
EdDFLi^ Qrlflniition-diatanc-* (cirientftt lon-1 orieT]tit XCin-2J 
,, iiQrriAiiz* orientatiEtii-1 to 4 ceordmfltt ayaien in wMth 

orientation-^ la ifl" de^rcfE 
(&I1VS oneiitac-lan-l (■ ori#nt»LLorL-l ori*hUi.lon-2H 
[tond ii> orientation- t IBOOI 

(Bfftci onentfltion-l (- or i eirtata pH ■ 1 3flOOJjJ 

<(i ornJitfttion-] '1000) 
IsDtq ori.flrlAtlDn-1 [* or lent at 1 [>n ' ^ 3flOO)l)) 
aet thfl dj"tincfl b*tueeii griBfitaticm-l in^ either or L&Wn 
dBpftridLng pTi tftith i4 clener 
fain (aba pri^rLtation-l) 

1- le&O <itF onentitlcn-l))]) 

y, HffiK for atonne poLntfl ao dttplACBuUtft Iron cffnt« 

h I 

- Th* idei b*hlnd thflE* Tunctiono in to bB nbU to Btor* pointu 

at iiiiy diapl^qciiitrLt and be able to give at Kftft an eatjuite 
-- iii tbtir i]rlentatlc^ft and radii;a. ae fa&t aa posaiblc 
^- E^inEie a fBW cc^Hputatiom create pf^itita ^ith l^rge diBpl^timenta. 
"" but no*t cflnpntaticra la doim *lth point* clossr i^, theBe 

BtructuTflB provide faat acceaB tn the near polrta whil^r flti.ll 

Ellowinfi rULfi to add peuiti ChiFLher awaj 

[dcfstr^ict (ctnter-Bip ntaed . ^n „ 

( print "[map oJ pclrtB Jrcm certer ( #h tJJ " 

[d enter- n4p'ttntflr-K centBr-nip) 

£c enter- nap -i;*Titer-y center -nap) J 

^Ccnc-namE) 

center -i: 

tenter-y 

full-nap 

iulL-aap-radlnB 

Bpar^e-lxst) ,. an la^DC liflt 

tdeiun t re ate -center -map (fiex-radiuft centar-H canter-j) 

[flalftfl - c ■ n ler-nap 
HiflFiter-i cflnt*r'3: 
eentflr-y 4:enter-j' 

lilLl-nap tB#>Le'arra7 (Hat (1+ <*■ 2 na:^ - rnd 1 na J ) 

(1^ (' ^ tih:< - rad Lup] ? ) 

■ type 'art'ieb) 
i^ll-ftPp-radiuB iiaK-radiQB 
^parae-list nil)) 

CUfrliin [tap ' n»x- radium (^ejiter-rtap> 

(Irl. liturrBnt-aai-ridlua [H:ent#r-aap-fTill-I"p-radmP center-reipMJ 
(doLitt ipaint (<;*^rter-ttap-aparaB-ll»t cent*r-aap)] 
(aetq current -Ba:?'radlnB 

[max <; urr ant- at^ ■ radliiB 
(car Uar point?) 
(tadr [car point))J)J 
ctumt - max- ridl ua] ) 
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MtfuJl £4pj-ttEit*r-aap (old' nap nflM-Ti*p-ridiuEl 

(let ((ntPii'mip 4 crvAtfl -center -nap Hd ■ ' ?i4t^ ' rAdiua 

<c€iiter'iiitp-i:eiitEr-K oLd-Btpl 
<c?nt?r-map-ceciLer'y ^Id-nap))) 

( D Ld - nap ' r*<| i ui rccnter-nap-fuLl-aAp-riidiQB ald-aapj) 

C t^mp-vft 1 lit ) ) 

1d& [(delta-i: C' cr]d-riap-radius3 ^l-^ delta-K))J 
( f> dpLti-a old-raap-radiiiEl ) 
Cdfl ((d*Lta-y (- <sld-aap-radiuB? (H deit*-T)>l 
( ( > lie 1 1* - y old-aap-radi ua J > 
ftflHq tenp-viluft Cg^t-pfiint deltA-x delta^^ old-ntpJ) 
<CQEid <(> tflBp-valufl C) 

iidd-poiJit teap'V^liac d^Lti-x deltK-^ nffu-ntpll)}} 
idoLiBt Ipchint ([lanivr-nip-Bpu-Ee-liat oLd-si4p)) 
{ftdd^poiut Icadr point) 

(car (car pgint)] 
(cadr (£Ar pelnl)) 
ne^TTup)) 

\: Devlatlcnt 4.re Aiwii& aade >0 flu that d ci^ii Indicate 
,H th« absence &'! a boun^^l'y p^int 

(dfl-liui add'pnlftt (dcl^altlon d«lta-i delta^y ^*Flt*r-»ap) 
(rand H» dcTiatior-J 

(4tt[l dfVimnn ])F> 
(ceuid Hand (<- (aba deltb'x) 

(ccntar-mAp-lnll-m&p-radiufl cenlar-mip]) 
(<- (aba d«ltq-y> 

( cvnt vr - [Lap - 1 nl 1 - map- rad 1 ua £ ent 9 1^ htp) ) ) 
:; i e it ifl in tb« 4rt« c»f thv full mAp 
C^^Di, dcvjHtlcii 

^cflnter-iiap--fuU'ii*p Cffnt^r-mapJ 

i* d'lta-'x (c ent tr - s LP - 1 ul L - [Lap - r44 1 Up cvntvr-aap)) 
(+ delta-y [center-rnp-JalL-rtap-radiua center-nap) >)) 
Ci 
(ftlCvr-CBntcT-aLp center -oap 
jLpir4fl-list 

(cDIIfl 

Uist IliBt daltn-x delta-j) 

devutipnf 
(cflnter-map-aparM-llit ctbttr-napj] j)} 



136 



<cflTid (i4n4 (<* (aha delta-x) 

(cmter-rrBp'ruil-aap-rBdlufl centpr-rtapJI 
(<- (abs delta-y] 

( ^vAt 41" rA4p- fill L - [Lap - radi ue c ent v r - rr ap) ) ) 
.. 1 4 It ifl in the ir»» nf thr lul^ aep 
Caref CcFnt^r'DAp^fiill-mAp center -nap) 

C+ d*lta-K 'renVtr-rnp-Tqli-Mp-rBdiufl ftntcr-nap)} 
{+ d«lta-y (center-aap-f^ll-rfap-ridluE center -Dap)))) 
(t ,: othvrvicc It 1« liL th*- Hflfioc liflt 
(Ltt [{rau-rcHuLt (a&bcic Cli.et delta-x dvLti-y! 

(center- ffAp^^pitr^a - il al cfrtiter'AAp}! )) 
(cond ((niill rau-rflBuLt) 

It 



HH COBpUting ■ intp d' d«vlatlasp frcD hatidkI lor b cflntir locltiOA 



, Are tLerfl any poLntE in thiE rc^lipn^ 

{dtfun qm<k'£b4c^- tarient at Ion-array cent«r-x c^ntvr-y n^l^Tldd tt^) 
[let (fx-Eize (cir iarrir-dinchEifltLE oc-iEhLataon-arrftyJ)) 

[y-ia^e (c^dr larray-diBEEiBic^nB orientiticn-arra})))) 
Ido ((real-x (bu: (- CEnttr-if rMi1< - md 1 ua) ) jl* real-K])! 
(|> rc^l"^ lain (■* center-x e&hx- ruiinB] t-b1e«)] 
nil] 
(confl (tdo C[reaL-y (aai t- center-y mO ■ f tiJiil*3 ) 

(!■♦ ri^"l'J>]) 
(1i real-y (blu C* cantir-y m^J^ ■ ridi i*ft) y-Ei^e)) 

nin 

(tend (fand < lira j - i.n - boiuidB " p t^riertatl on- array real-i reaL-T) 
{> laraf r>r mentation- array rflal-j: re4]"y) 01) 
Ireturn t)))J 

(deztuji Bap-BDod-c-^ntEra (ori^ntatSfln- array Bax-radiuE) 
[Itt i |£ttiL«r-aap taakB-eqial-tiaEli- tabl«)] 

(x-Bize (tar Carmj-dlBBrLELoiLE orientation- array) J) 
[y-flize (cadr | array-dLCEiiE i c^qe oncJit^lJor-arrBr))]) 
(ianiat t ""%") 

(do (<ctnter-x (- ma^x-radiuBl Cl^ tcntpr-^D) 
f1> centrr-K C* liftZi ■ radl lie x-Bije|)) 
(foritat t " 'a** (- (+ rtait-raduLB :f'Al£4> ttnter-ic]) 
(do ((centflr-^ C- ai^ ■ radl tiB ) < 1+ center-/))) 
<(> center-j <+ uAj; - |-*iliua j-ala*))) 
(eoail f (quLcfc-check oriejitati ma -array cepter-K center-y nax-radiQE) 
IputhiEll (Itfit c<aLer-jr center-y) 

IcuBputt-Dafi^fqr-Efhtpr or lentatioa- array 

cetitvr^x ctttit«r-r 
Bax-radaiu) 
c Entar- sap) ) ) ] ] 
ceatEr-rvflp)) 
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:: correction fcir Tdruiy orient 4 1. 1 on conv ent 1 n in Caiuiy code 
MfrTnacro rorre c L - ot 3 *nt 1 1 1 on l^rlnnl-atr inn-axraj j y| 

'(let (Cr^tt-PnentatlQEi f^rff .onentat l&n-array ,y. .^|3) 
[cond ((> rAtf-oriBntfttiDB IBOOj 
< - riff- on entftt 1 cia I &M > > 
(t 1+ rft-i^'frrtentatLon 1EDD])|]) 

ri EKclnden biatk pcuntB in the Q n^lglLtorE qJ tbfl cvnter. 
.. Arrt]^ r*(-iimfld ccmtfticift the deviations from normality for boiuiia^ry 
,, pointfl tfith dei^ifltaon bslow B&^*dflvntLon 

.. Theae dtviationB ere ulina^p i.t letBt 1. io thit leraa U the tfrij 
;j mn indicate aburtit* c^f bonjidarv p[jint. 
n I^ yi3^ flupplj a center-nap. iz ^ili clear it j^nd ube xt 
^. T&U ire reaponftifrlt fnr seeang t}i4t it was the right radinni 
fdefnn coitpute-rFap- lor -center (nrientet lon-ari-iij c»ntpr-K tenter-y na^^rarflM 

^pti£in4l <cai3ter-i]Ap d1|]] 
(c&nd 4tenXi^r-iiap 

faLter-center-pip center-nap 

fl;Karft('3ist mil 
C«ntei~-^ ceqt4r-X 
renter- y cthter-y1 
Ifillerray (center-Oiip-full-Jiap ttnt^r'ftapl '(0])) 
(t 

(e«tq center-mep f^^rFate-ctnter-Eap mt>:-radiiis centtr^a c*nter-yJn| 
(dff 1<delta-y J' nax-radinfl) {!■* ^tltm-xl) 

frreL-K I- center':^ nax-ridiiiaj ^l-* r*tl-i))) 
C(> delti'x naK-radlQfl)) 
Cdo UiBlta-y (■ nh^-ridiun} (H delta-y}) 

ireal-y [■ center-y nai' raj j u»3 [H TBal-y)>) 
1f> delta-y na^-ridiuBjJ 
(cond I lend f e m j - in - bounda -p ^ra»ntatton-arrqj 

real-j: reel-y| 
(or (> (abe delta-xl l) 
(> lebfl delta-y) 1)J) 
(nzond I1> Caref orientate an* array real-x reA^-y] D> 

., 1 e thorp la a boundary pojnt at thia lotntiwi 
(add "point (nn e D cat ^i?n- distance 

iget-eBtimated'Eiritntation delt^-K delta-yj 
Icorrtct-snentatlon 

onentation'flrtly real-:c rem-y]) 
delta-y 4plLa-y 

Cniter-i]ap))))n) 
Cabtet-Hap) 
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^t regic^ni far imi£« 



[ on Pft tft t itan - ■ rray ciigst at i on - n^nt « r^ ftu^E" ■ t i *»!« 
Aeptional (window mil (mtt-radiua 16t 
Cim>^'devial*fiii SODl ^max-aiiaU-diatPnce BOOl 

(Mn-pflrtifftiiaafl 10> [Bax-p*rceiit agt - i or - da ii i nc tnr p rt bu;j 
(Itt [<rBiHltliat niU 

fcent^r-tiap ( cnm i-fi - c entt r- nap mi^r-mdiup 0>) 

(x-Pite (rar (array-dlnenaiDiiP onentttion-irrAy) J) 
(/-BIZ? itadr (array-dincnAi^aiiB or 1 entat a on - arr* j- J J ) ) 

(dn ((iieiitrr-:^ (- mcy-radiu*) C1+ c b fi ter -k] J ) 
11> tentar-K (*■ itaif - t-adiuB x-iltfl))) 
IfciriEit t ^ "4" [■ (* miJi-rtdinB if-ai^J csnter-sJJ 
(dg Hcentory 1" miK-radiuol ll* c#B«r-yl)) 
t(> c*ntBr-y (* majr-raniiaB y-*Ue)J) 

(ictq rvt^ltliftt 

tMpBBd <tMpiit<-t^eaioiiH-fc*r-c*mV*r-tfith'aiiEKeBtiPnS 

priMt at idP array iUBfiflBtlors ciDier-^t cflntit-J i-lJidtaw 

centflr-Eifip 

Tift?L- radius HBK-d^vlai-ioii paK-ajigle-diHtaiic* 
Bin-iv^liiaticii p ax- IV crafte- deviation p 1 n - perc Bntiit 
[]i:< - pe re e ntaee - f dt - di h t tnc tneBB) 
reBLiltliBt.>J?) 
(rora*t t "XaM -a crtiLtrB pro-^ided bj ftufigfl ftt I ona . 
f length su jigeBti on ' t*nt E T* J J 
fdolxHt Ccfrnttr-pplftt BuggEfftiDn-ccntera) 

f„nd Uand [<ir l< (r« cent prpnint 1 [- na^-radUEJ> 

(> Jcar Eisnter-pcHiEit) (* itax-ridiuB x-Bilte>)) 
(M- 1< [cftdr crnter-pcHiTitJ (- mp :^ - rad iub J ) 

<> («dr ctiLtflr-pointJ (-^ majz-radiiiB j-»lz*H)J 

,;'i" centflr-point in iuggeBlit-n tfaen't IJi ffJiiallflUvff B«rch 

[B«t4 TeB^ltUat 

UppBnd <c4]mpn«-r*8^Chna-fT-cflntffrT*ith-aBM"^i^«*^* 

QriBTitttion-irray biikR*^^=^ "^""^ 

(car ceiii.«r -point) Icadr CBBtflr-polnt) wind" 

CBDtcr-oap 

Bu-radiUB aax-dtvlation fiax-anal = -diBtarn:s 

B 1 h -e ualmt icin nax ■ av EragP - de v i.at icn 

Mtt-pErcentagB 

max ■ pare in taje -i or 'dlat inc tn^aB J 

r«8Bltllat.>}J]> 

rtBultllflt)") 

:: »H:h r*gicJF^ 1" ^^ tha iori faTaluatJco CBTiteri citi«r-J TwUftdaryl 

^de^uIl gct-tieat Irt^jionla pL) 

flwt ([cttxrent-beBt Icar rPjlonliEt))} 
(doliPt (r*giaft regionliBt) 

<cc^nd ((> (c»r re^ior) <car cdrreBt-t=atJJ 

(actq currant -bB it- regzLonHJl 
c nrT*tit - be Bt ) ) 
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(let ((reBiiltLlflc ml)) 

1d^ CCcarrent-^ffAt Igrt-^ett regiH^nliat) Cget-beat ayregloaLlttJ) 
Imyrtjl&silBt re£iDnLiBt) 
4t«npliBt h]] Ti1 ]]] 
(Inull curre nt - be Bl: 1 rcEuLtliat ) 
(puah furffeJaL-be&t rcBultllfll] 

tcond Unot Cbenndary-fltaillar tnth 3 rfrjioni (nth 3 currDht^tvit) 

t* (ntli 1 rtgicinl (nth 1 ciLrr4iit-bflBt)> 
1- Inth 2 r#g]D}i> (nth 2 currert-htflL)> 
&■» -pp re en tA^B -di st mc ^)) 
(pnnh r«£iQn tenpLiBtll) J 
{aetq nyreglanllflt t#Tip]liit) 
[lom&t T, " ~i" (iBiigtti ayrpgiQEiList]) 
[cond KnuLL a;f refi on 1 H t > 

(rptnm raBultLiBtl|))|) 

li Qflt poBBihlB re^icDA ±er ceiLtftr 

F I " 

h! <llBt d CBnter points, list oi boundary paintB^ 

(rentBr-mip center-x center-y BUjECBtioBA or lc fiIa L i cm - Arr4y ) 

(cond ((Berber JIiBt center-x ccnter-/t (car Biiggc ^tt aT^i ) ) 
(nJcllil ftOLUidirf-point U^±r ■UEgvsticin)! 

{cond Kuid ( Lxra^ - m - boiuLdB - p orxentation-brr^y 

f.*- CBntflr-K (car boujtdiry - pm int ) J 
(+ cent«r-y (tadr boiuulh f j -pq i nt J ) ] 
t^M (> (aba fcir baunduy -point> ) 1) 
(7 (ibB fear baiuidirr-pnnt] ) 1>)) 
(cdPd f{> (art^ arltDtitloFi'^mj 

1+ ctntfr-x (car bo-andary -pol at H 
|t tent*r-y (t*[Jr touiidirj-pointHJ 

1 add -point 

( or^ sntat i ?n - di Btanc a 

f gfl t. ^ eBt 1 mat«d - 1^^ 1 atit ht 1 OA 
(c«r bH3iuidary-pc 1 Eit 3 
(cadr bohindary-palnt)} 
( cvrrvc t - orisntB 1 1 oa 
en flntat ion - a rr&f 
(^ cvntvt-^ (car bDuidaxy-point ) J 
(+ c#nter-y (cadr boondary^palrLt})}} 
(^ar bniitidarypoint> 
(cadi~ boun darj - point ) 
«rter-sapH))n])> 
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M«JuiL coaputfr^Siona-fnr-t enter- vlt-b-aujgeEtiPn* 

lor3fiiitaticHn-AmT sn^ffHtieitfl center-j: c*nter-y 
topriqnnfri (windijw nil) !ccnC flf -Ji^p iiiLl U*x-r*diiiB 1&) 
Irtaa-iiflviition &t>&) (riR^-iTLBLc-dLfltsn^:* BOO) 
(rr.in-tvaiiiatnon 5 0) (uax - « v * c-a ^e - de t i *t i^n 2M) 
Irain-pflrc^ntafle lOl (nai-perc^nVae^-ror-iiifltiiic-tneift SO)) 

Hat (tiUM^^^^^**^"? "^ JJ 
(rflBultl^tt nil) 

(tenp-Dipl) 
(doIiEt ((HfiRfiEtic-n mgg^aticiEiE) 

(cMd ([Bftrrtei- (liat csntcr-:* ceiit#T-y) f.tt.r HuegflEtipn)) 
(aetq augErwtl&n-p t))H 
(Eiond (lor fqul^H-chEck &r 1 tFlt at 1 on - am ;f canttr-a: cintcr-y aazt-radlnij 

EUggVEt IVPl'p) 

(stt^ til up -map 

1 4dd- Biiggp Et 1 ^nv 

1 c &ppiit c -nap-i or - tcnta r oncnti t ioti ■ *rr ay 

Ctpc*r-i: coiilior'-l 
afljz-ridliiJ centflT-map) 
c«it*r-K i*TLtET-y 
pilgja ati DTI B or 1 ff nt a t i or-4rri j ) ) 

]- v^and fli]t if nccaapary 

(tend IL> (Ipjjgth (cflntttr'Mp'flparflfl-Iiftt tfrnp-ntp)) 

fforaat t *f") 

;-"(ft*w ttip radiil* "a)" (aap-nftK-rMlufl teitp-ttap)) 

(B*tq t.*«p-nap f copy-cMter-raap tflrp^JiAp 

[map-i]u:-rtdiil» temp-nap)]))) 

ih^t^ reBaliUflt. 

^gflt-Locil-rcsyiaa 
t n^ ^^ ~ al 1 - rB£] cm A 
tcnp-inp 

^■x-deTiatiPn rtax-AJi^le-diptaFLie 

ain-*vaLuatiDn naj-tverage-dflvittlPd nln- pe rj: e n T.igo ) 
ti4K ' perc BB tagc - 1 or -d i at inc in e aji > ] ) 1 
(cfind ffand rtauLtliECr -iindotf) 
laend win<3c ' m"efrc*h) 
[dolipt fregira r^fluLtliat) 
( di Bpli J ' c frnt cr -bdund^ ry 
Intt 3 ifiA^on) Uth 1 r#gl[jn) UtJi 3 rwglpnJ 

wijidi^w ]oa nM 1 0))1) 

reaiLltliil.)) 

fdffltlA point-ia-lh'bouiidary (pfllrt-a point-J tomidarj) 

Ida [|my3Lat tusnndary (tdr ajllaTiJ)) 
([nnll nylJ»t] nxll 
Ic&fid ((and (' point-i (ntli 7 <"r ayLi&t))) 
(- poii3t"y (nth 3 tear Fjliat)))) 

(nturti t|)))) 
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HDT BYMMETRrC m th* thti bcrUjidarltB 

a*ltA-cfnter-i la the diEtanct frnri bfltter-hocuidftrv"* centgr to 
netf-b«imdhry' * cinttrn uid BimnlArly for dpltd-centvr-T 

(n^-rf-boutiiftrj tflVtor-boojidtry deltA-cpnttr-ir d«Ita-c«T]ter-y 

AciptlAFtiL ( q &:f - percent a j« bq>] 
llet UBuma OH 

[eIoII tft (j»liit nev-lncmdArrJ 

fcond ((point-lft'U-tHflUni3iirj £+ (Tath 2 fKiititJ delt^-cffnter-xJ 

[+ (flth 3 pcintj []«Ltn-cML<r-7? 
bel: t tr - b&u^El^ry ) 
i^tt^ Atina fit- B[i3]m|]J>> 
(ct^d ((> (ceiling (-" aunti 1IX» 

(Ifliigth nev-baLindftrj)) ,, percentage Eime points 
BOX- pe re En t ab e J 

;, returrm J^i^kAgee d^ <evaluAti*iii cflikter-x ceiater'y toundiry^ 
[dflfuji aBhe-all-regionp lc?ntffr-ii*p 

frnptlanAl 

(ri^vJfViatlMi 600> 
f BOX- uigl e - di s t Atid t ^00) 
Caiti-eVflJufttifln 6 Oj 
(mu:-Average-deviatl4h 200^ 
[mm-pfrri;ctitBg« lOlF 
(let Ur4ffuJt3i*t niLl 

C rurrent - ev a luat lort nil!) 
(do (C^i*rr*nt-r».Bi-dBTiati.on 200 [* EO i^rr^nt-i^x-dflviatlonj)) 
(f> current -BAX-dfrv^^t ion »t<-iiBTifttinii>} 
idnllat [tiQLind*ry 

( n&ife - B 11 - ] ol na 

Cg*thfli--BLl-ciirTBS canter-aap currPtit-iBK-deviitnan] 
t urrent -naii-de vi a l I &n rnt ^ ' Hng 1 b - di a tanc e J ) 
(setq current -dvaluat ion 

f gB t - evB Ina 1 1 on- o t -bciund ^ r^ 

baurtdBT^ « L n - jHrc BiitB g« [L&x-AverAgfl-44flhtlon}) 
(C4^ (('" c Eirrent - ev a Lua 1 1 c?rt 
nlEt-'VBliiitlonl 
[push (LibL curreAt-evbltJBti^n 

Ci;ffntpr-Bap-center-x centtr'B*p) 
(c entir - a fcp ■ t fln t»r- / c ante r-aap) 
boundary) 
reaiiltlj.at)il)) 
rffsaltllat)) 

^^ B^me coRtBr^ 1 1 1 

(defiui inybqiindBry- BIB liar (neif-bDiinilBry helt^r-boojidarjllat ffltx^pflrcFntBae) 
(do (layliat be cter- thShmd^rr 1 1 AL Icdx syliat}?) 
([null qyliitr nil] 
(cond ftboandary-alsilAr (ntK ^ nc v - bg unda r^ ) 

Cntti :5 (car ByLletJ J 
BAJi-perteTatigr) 
Iretuni TJJ>]) 
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" ill bDiuidarltB ircrn <*** tenter 

; ; ea^ili tcundary lA a pftctragc t^viLuit iflJi ttnter-K cirFit*r-y toujid^ryJ 

(d»rnn jet-lo^4il-BaKiaa ( boujidaryl a [it dax - p? re n n t-^^e ) 

(let ((n*wliBt 

C*.?rt (topyliit tHaundaxylift] 

(Inflation (l^Ptd* Cboikuditryl titniF;i3ir>' 3 ) 

(> (^ftr tDKiidiiryn [ctr b&undArj2H)JH 

Irfltumilfit ml]) 

Idciiftt Ib&undirj tie^LlBt) 

(cDnd (Jrot (aiiy-boujidary-fliiiiHr bouj3d*r/ fatumliflt ft*ji -p«rc efltaj* 1 ] 

IpuBh bvQJidary rBti4t-cillat)))> 

rftiirnLI E t ) > 



5: Cith*r toiuie^tBd £iLrY«D for c*ntBr 

1 ^ 

■ B*tiirflA a cuTTfl inlm toTuit^r'tloclKwitF lift Jit BLning thi fttartin^ point 

Halts curve at 3-ny J&iria and g-P* tcpectn point aivrn It to be blicfc 
LflBV*a a 1 in Lrap-arxay tC etch cif the points an th* curve 
fieturnB ttic hbm bound^rj and the altered r^rH^n o"! tenp-list 
[ flfun geL-connect.Bd'£urvfl f<;?n«r-ttap Bt*rt-x atart-f mar- de t lat 1 pti t = Bp'Bapl 
Icond ((- D [get-poinL etart-i *t"t-T CBnt*f'aap|J 

(terrur nli ... 

H-lGet coiuiFCted curT» called with rusn-blick fiturtlna point ')}i 

(Itt ((reBiiltli*t [LiBt (li*t real {g^t-point at^rt-x atart-f cwit*r nap) 

Btart-x atart-j))>J 

|ji4d-point 1 itur-L-K Btart-J tenp-nap) 

[do ((n*Xt-pflintB iBEt-Jiei^borjt'poaLtiv^ ctTiternap ptart-x Btart-j 

nu-devittiDn tipp"E[ap) 



(gtt-naiEhbera-poBitiV? c enter -q^p next-x npvt-j 

Bu: ■ <Jff vjat 1 on C-&a^-ffiip)l 

<n*xt-x nil) (oext-y nil)> 
<(not (* (length nryt-pointBl 1>>1 
[Bctq Jiert-x (c^ar next - pp 1 Ci ta> i 
(aetq next'y (cadar ftevt- point*")) 
fadd-point 1 nn^t-x next-y T-enp-aap) 

Ipnnh (tohi Teal (rnj^a (aet-pfllhi. next-x h^xt-y centflr-aap] 

(car next -po 1 ht ff ) ) ) 
TBiiiltliat)) 
(aetq reanltllBt (FiTeverse r»*ultlxst)) 

Mfl llnext'polnta (ft*t'h*ifihbora pegatiTe centeT-icap *t*rt'X fltart-y 

nax - d* ^ 1 e t ion tvmp'-kiap] 
Iget-nei^bciri'reBatiTfl center-map n^rxt-x "^rt-j- 

max- dpv | at 1 Dn t enp - I^ap J ) 

(next-K nil) 
(next-y nil)) 
((not C- (length nert-point*) 1))) 
(aetq next-Jt (taar n»>rt-pointB) ) 
(Bttci next-y (cadar next-pcuntaj) 
(add-pcint 1 next-x fltxt-y t.B5p"aap) 

4fU4Ji (conn 'real (cons Caet-point Jit^-x n^xt-y center-ntp) 

(car n^xt -po 1 nt S ) > ) 

rBBUltllEtl) 

reBiilt^iat]) 
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'<in4 <■ (fttt-pqjnt. .x ,J .icmp-nap)) 

(<« (B4t-pc^int ,t ny HCtntsr-mip) ,n&f-deVkatleii)]) 

Cdtfui] gather-AlL-curTCB (center -nap aa>-dei'iAt loji) 
iltt ((tenp'HAp (dr4^At«"ceFitcr'nap 

1 c fl D ter - nap - 1 uI I - el ap - r&di us c ent e r - a ap ) 
1cenler-aap-cecii.tr ■:< c(flttr-fl*p] 
<cflntffr-nap-cinter-y center-nap]) J 
(T*dlu Icenter-nAp-full-ELap'radltii i^ttitfr^P^p)) 
fr«tunlinl mil 
(nev-boujidary nil|| 
',: til the p^in^F^ in tht full trraj ol thfr t4p 
(do ((X (- radiuaj (l+ x))) 

(do Uy [- ridlua] <H jJ)> 

[caod (Inev-paint-there-p center-aap x ; saf^devlAtlDn tanp-imp} 

l^et - c onnec t ed - c orve 

4:etitai--rLp[> X T/ niK^dcVi^ticHtq ttflp-P^tnJJ 

Ipasfa new-boundary ret hixTiI i at ) ^ ] ] t 
(doJl*t (palftt [certt«r^EinF-ppar«E-liftt ^vfttrr*n*p>l 
Icond ((neiT-pclnt -there -p center -map 

(ciir potntj (tAEltr ppintJ 
aax-de~Tlntioii teap-BAp} 
Etfrtq n<r^ 'bound try 

{get-connFcted-curre center-nap (cflnr point) (cad^r ^inL^ 

my-devUiicin tamp-PapH 
[pueti ne w-boiindftr^ rttumliBt^}) J 
retiirnUat)f 

; l3«ing counter-cleckifiae. i e. decline en diaplay 
(d«riin Bft-nvightprB-poiltlv« (cthttr^atp X y lAri^dfVlatlon temp-lint) 
(let (CretLimliat nil)> 
Cdo (Cnav-x {}- ^> Cl-" nm^->r])) 
((> ne*-i (1^ iJJ) 
(do f(n«w-y £1- ji <!• hUT-yJJJ 
1(> nen-y (1* yj]) 
Ccund (find fnol fnnd (■ x nna^xl C^ j ntv-y))3 
Inew - pm int -there -p 

c tht V r -" rc«p n^i^'ic nvi^'y h4M-d«Tlation temp-lLst) 
(s (- [« neM-y x) 1^ new-i y>] 0)1 
fpuAh (ll4t n«t^x nfrhr-j) r^tuTTLlLtt)))}] 
ret am Li at)) 
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- 5E>irifl clDC^I-Ue. i t coujitEr-clcict^ilBe on displaj- 

(Trt ((returftliat nil)) 
(do ((nttf-x (1- x) (1* JiftM-xH) 
CI;- pehf-i (1* K))) 
(do 1(Ti#rf-? 11- y) U^- MW-J)>) 

<<> nun / (1^ y)>> 
(cond (liiid (ti^t. (and I-' k new-^J <■ y new-yj)) 
inev - p&tnt - the r« - p 

center-fttp new-K nfi*-y nax-d^viati-iti teap-liat) 
(-t (- {^ nehf-y x) (■- new-K 7)) OH 
(p»b Jlitt nPK-i: Beir-lr) rttumllBtDUl 
r«tiamll«t)) 



(defnit n*tf-bo!iinl*ry-il&Bed-p L tcpiuidiry i 
C&nd [> (length bcmndiry) a) 

[<- (aba C- (nth 3 Icir boiuidaxy J 1 

(nth 2 (ctJ <lBPt tKiiiJidiry]))>> 

O 
(<■ (aba (- (nth ^ (car boUhJarT)) 

Ijith 3 (car [Last tcriifldarj ) ) ) ) ? 

ii;) 

(i]tfufi gtt-iyeraae-dtvS«tlon [boujidtry ) 

Iffct-For nil ""^Can't evaluate null t&iuiduy "JJ 

(t (Ifft (ItotftL-dcmtlon Oj 

(nun b*r - a f - pcj ] nta 0) ] 
(tloliat (poini. bcpiindarjJ 

Ueti^ icital-d*vi"tlon ^-^ tottl-deil^t lOT^ Uth 1 point])} 
(attq niinbtr-Q-l-pciiiita H* nuatcr-ol -pninta) ) > 
(celling tDtaL-di;viation nUifrtT-cif-palntdl)))) 

fdefun g*t-percent-rtAl (twunilir J ) 

(c&nd [[null baiuidaryf 

(Urror niL -^XCan't itfiliiatB nuU boirndftry "IJ 

{t 

(let C(toUl'reaL-pgi.hta 0) 

(total-pcH^ntB QJI 

(doliab (pcliit boanJirj) 

[»ftt.4] tQt*l-pfllatB 11-* total -pol-ht^O 

(torn] f(eq (nth Q [rfsint) 'RfALl 

fE«tEi tcital-rcfll-poiiitB (1+ total-r**i-pointBJ)^J J 
[cailiii^ <■ 100 total -reil-poiatsl t^tiL-paintB) )))) 
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(t (ltt« UfttiTt-arlflntBtiaii 

(g*t-iHtlBBt*[J-flrloJit4tlon (nth a (car bourrfJirF > > 

(nth a Icar boundary) )) ) 
1 currcB t - orient itlon-dirre rcn re nil) 
(rull-lflop-cfliint Oi 

[ Bfl tq c azTcnt -on estat ion -Alf 1 1 renc t 

i- [jtl-tit jTiflt^^-Qriffntation [nth 7 paint} {rtft 3 palntj) 
B tart - orient at i on J ) 
(cMd 1(< ettrr*rLt-H3riHit»tiCin*diifirencE Q) 

i Eirtq c nrrpnt - or 1 estat i an - diTi trmc t 

|f cu^^tJ]t■iricnlatlc^J^-dlff^?^en^B SCOOJJ)) 
(cPi^d (find past -ICO-dcgrae- flag 

(£ ciirrerLt-orj*ntrtttan-dlffer¥nci 18CX)H 
Csrtq paBt-lS^-degre«-flae niLt 
[&etq iiill-lQop-cciiint (1* ruii']nfip'cOTint)l) 
C[*nd (>- rurrfnt-priflntation-dif Jflrfliu:e ^300] 
[ not pact - 1 90- de £jee ' r 1 ag> ) 
, , titi ra*r Tiifiprns an idjaccnt pointa 

li SBtiSBted dr 1 entat 1 cin Id ^tl sn ^^ t^ BcrcH np 
, . tht ntlitlw vrdir pf their orientatiDna {it cfinl) 
Isfltq cuxTflnt-orientBtlon-dif f tr^ntt Q]) 
((>■ <iirrflJit-flrlBJitatn3n-dilierpncfl IBOO) 
(sfltq pBEt-]aO-d»£reG--f lag t>))) 
(* (* ImJ-liJCip-COiiftt IQQi _, Irngth of fulL loopa around ctntsr 
tc*Lling 
ti*rr*iit ■ or 1 frn t*tlcn ■ dl fTtrrpht v M ) H ) 1 > 
, , length of LaBt partial loop 

(dflan gBt-irvBliiatian-?f-boajidarj fbaundarj am -percentage 

[LBX-dcvlatidTi> 
(Ivt £(daVlBtion C go t-averaga -deviation boundary)) 

(angle -percentage (get-angla-percer.ta^e bduj^dar/})! 
(con^ Lfcr l< ET^g 1 P - peri; rn t; age nsn-prrcentage) 
(> devla^Lon aax-deviatlan) j 
Q] 
( (nev - bDnndary - c lo^ed- p bDimdary } 

<• 

{* (mm angle-percentage 1U> 
(aqrt (// 1 dc i^ ] > 1 1 cHf;))) 
(ceiling [get -percent -real boundary] &D})3 
(t 
<^ 

t* [oln angle 'percent age U) 

[aqrt <// 1 deviation))) 
tceilln^ {get^p^Kent^rekJ hourtdary) SOl)))!! 
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M4hin| ]Qin» Iftr 4 centflr 



Idftfuji nakn-^lL-jDiiia Ib&undarrliat na j: - d tv 1 b t ion mtl- angl p - di Btanc; = 1 

(JnnEtioii 1l4EibdA (boondarjl boujidaryS) 
(> n»ngth tiDLxnJaryl) 

Llength boondarySm))) 
(r«tumlLAt nil)) 
Uond ([null bctUJid^ryLxsl:} 
Ail} 

£t 

(4d Uboaiid*ry [cii- trtmndaryliat)) 
(bcUTLiJAri E s booj^dftry 1 1 pt ) 
( Bddm] - p ] D [i« ml nil] 3 
((null boiLfid tr 1 V « ) 
( pu Hh triiujiEl&ry rw turn 1 1 At ) ) 
[ittq added- pi cC^ Cbeat-poaitLve-fifttnalmi 

boundary b^^undariFB 
na^-deviition UiK-ajiglfl-dlittnce}) 
(cond CC^q addfld-pisrq liniiTL^^r/F 

, , i *r beat e]ctflnBi&P ^aa to cLobh bnundary 
[afltq boujidftrifl^ (riinoTe add^d^pltce boujid*riftBJ) 
(pQBti (^IciBe-bDiiJidary tnnjidary) rfftiimllatl 
(aetq bcoiidary lcA.r boand«ryll#t))) 
{■ddnd^plt^B 
(aetq bcTkndtriv^ 

(rtn*"^* boundary [reaove uldsd-piDcc baujidari e h f ) 1 

(aetq boiuidify ( ] j>i n-houfid* r i = a bcmjidary iddiJ'piiCe]) 
(pu«}i bQnudary boitrL4*riea)) 

, , ordpr ol eiecQtion ■ hiJjo rtant h»r*1 

(BEtq idnJtfd^ piece IbflET-ntffatlve-flTtHjneliiti 

boimdary bpuftdanea 
biiX ■ dev 1 ati on rM:t * 4ftg 1 e -d i atajic & H 
[eoTid ((Eq iddcfl-plecff boiuidirj-) 
{larror ml 

"'iTliia caae should neV^r happen, beciurto 
ol aynar try")) 
[addcd-pifcit 
[aetq bomi^ftriea (remoT* tniutdaxy 

(rcaova add9d-pm<^^ boundanci^)) 
(aetq boiui^Ar^ 

< I Q i a -bonnda ri ( a added-piece tijufidary]) 

(puah boundary boiuidarieit] 

4 push bgujiilary return 1 1 « t ) 

taatq bcnind^rlea [reaovB b^kLFidary bocmdir i ta ) ) 

{ci^Fld (boundariaF 

(Eft4 boundary Cc^f boiuid&ricB))))))}) J 



rttiiTTiliat)))) 
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tries t^ tpjuiect tb* b&Ujgdines 3fl ga^fii [irder 
li coiuiectifllL iE fft. return Length cnf eormpctinn 

(dfflrra^iro t oiuie d 1 1 on-ofcp (bouflJiryl bnujidart^ rr ax - a nj 1 e -i] i ^tuic e HAx-deviattniiJ 
'Uet* (Cstart-pcunt (car (laBt . hcriuida rj 1 H ] 
[*jid ■ p^ 1 n 1- ( c*r . liouiU^ryS ) J 
Uhortflit-diitinr^-iB-clankwjiiE-p 

t? {' C* (nth a end-pointJ (nth 3 itirt-pointj) 
(* [ntl 3 EMrt-poirLt) (nth 3 *nd-pciiri.))f 
Oj) .. RiT-flBtLEBted-ctneiitati&n i^n get relative orientqt-ioim 
r, ¥r&ng fqhr poinia Eiicft? together TIiib condition 

., citches potential losaage du^ to thii 
(Ang^e'diEtizce 

f - Iget-eatii^iitffd-orLentiitjcHn 

(nth 2 end-poantl fnth 3 end-pEjint )> 
I ge t - E H 1 1 a* t^d -on entat 1 D ji 

(nrti ^ Btart-polnt) (ath 3 attrt-pomt]))) 
(lHigth-oi-CMiL*ction [length'^jf -^oiuipctian 

inth 3 Btart-polcitJ (nth 3 flt^rt-pelnt) 
(nth 2 end'pniiitl !rth a end-poiat))!) 
(cULd ((^ anRle-dSntince 0) 

(Ad^iq ingl*-di at After (+ 411^1 e-di at jincfl SMO)))) 
Ic&nd Hand Bhort«At -dl stance- is -docl^jAe-p 

(^ angle -dlfltancB , rate- angl* - d J * t^ r ce > 
[< tdev54tion-of-coiinEc tipn 

(nth 2 flttrt-peint) (nth a Jtart-point) 
tilth 2 end-pojjit) Inth ,T end - po Lnt ] ) 
H aa:c - d e T 1 A 1 1 an I 
(< 1 engt fi ■ o f - coiuie c 1 1 c^Ti 

(nui (nax Uecigth .boundaryl) Upjigth .bniuid(r/2)l 

[♦ 3 Train llength .b^andarylj (LtFLftth , bn imdnrya) ) ) i ] J 
langth ■ &f ■ c minec 1 1 on) 
it iiilJ)J) 

H, retnmfl the boundary Iroii t&iindi ry L i at that It the beat 

epunt^r-cloc^iEe e^t*nsiDn &f b&undarj. 2.1 an^ ^ro 
,. accepttb]r q jhTttrna 1 ona 

(deiuFL t>*at-poait:vt-tiLttn»lon (boundary tou^Jaryllat BhA-SeriatiDn 

B*:t-angle -diEtwm ) 
Qfrt Hbeat-bQiuidary nlL) 
(beat-;tjigth 77777] 
(turrent- length Ml)) 
fdollBt Uddtrf'toiuidary boTin(l4ry3iat) 
La^tf^ <; urrent - Le n^lA 

(CQIUIfrCtlon-D^ 

boundary addtd -froimdiry aas - a^g It-di at anc e w*r- devi at 1 -in ) ) 
fcoiLd ((ajid cut-rrnt-LenaTh 

(< ciirT«iit-]*ti^th be at -length)) 
4setq be f t - boundiT}' addtd* boundary) 
l&Btq baat-Ienji.h CTaxrant-laDgth)))) 
be«t-toiiJiiiary)> 
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I, r»tilrnp tht boiuniary from bn luid ■ ry "H a t thtt is the beat 

.' tlochwiBP ov^cnA^^it □■* baujidary, if iJij- *ro 

; - i^cEEp^bble extcjiEloiiE 

(defiui b#st-rifgiLtV«-^:^t£nBiDEi Lbacuidary boojidAr^^^Pt Eia:c-d«vlatieq 

(lEt f ltieBt.-ti[jUfld*rj ml) 

[htat- length 7777 T) 

inmrrrnt i*iijth nilj) 
(doLlBt Ibdded-bohindAry bf^unnltry Jlst.) 
[■Bt^ turrert-LcTLgth 

jidded- boundary bcnjjidar/ rru'^iiBl^-diitAiice muL-deviBtlonj) 
(cond ( ( ai]d n^rrv n c. - ] e ng t h 

{< current -Lfliigth best '] tugth)) 
le#tq b«At ' bauAderv Added - beuj^dery ) 
(aetq best - Length carrvhl* JtrLgth) J J) 
l9i]Bt-bPiui[l4ry>) 



il4ln3ng 4nd diapliyln^ boimdarica 



(defuji diHplir-CBnt»r-boiindAry rhtrdndary center-x nieiitflT'y 

wisdow 
Ac^ptLcnLAL 

frBfffrpJWe-i Q> (reiflreacB-y 0) 
l^^Ala 1 0>) 
frK*-dT4w-i windoif centvr-K ccnter-J relflrj-nce-x reference-y ECKli? 
(iicif-drav"CT4^* w^ndov ^enter-x centBr-y r*l b rfldt v ' X rtl^T^Ht^-y pcaIe] 
fdollBt Ipamt bou^AFf) 

tccind Urr| 'l[£AL Uith pciint]) 

(send wimiow ' Jr^a-f jll*d-iii-circLe 

{ramaliae-a-polnt i^ CJith 3 p&intj tentET-x] 

Fcference-x bcaIb) 
Irornaliae-a-point (-^ Cnth 3 point] center-yj 

refereiice-y bcaIb) 
(ceiLlEia acaleJIl 
(t 
(f<nd vlndov ' drau-cir^Ifr 

I jioriAl ^X« - 4 ' pti iiLt 4-1- (nth 2 pc^int] ^vHtvr-x) 

rvftrerce-x bcaIbJ 
[Jii>m*llte-a-poliit |-f (nth 3 p?int-l rertttT-y) 

rBTETATLCB-y hcaIb) 
[cellUfL anZAle))!!)) 

;: FreAQDed t^ bv bath f[c>ing c oujit cr - c I □ chvi U 
(di^fLii] Ji^iJt'baundBriflB fbi^undir^l baujid^ryl^ 

t^ppaiHl bfiuRilArir^ 

(c oiinec t - b J' 1 1 HE (nth 2 jcbt Oaat bi^nnd iry I ) ) ) 
Cni-h 3 {\tAT (Ibflt boundary!))) 
(nth ^ (car boundary?]) 
(nth ^ ic^i bDnndBry^m 

bflUJldAZT^ 1 ) 
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[Applied bciiiJidary 

C^onne^t-by-IiJie <Eith 2 £*ar Clipt boufldAi-y ) J ) 

(nth ^ Ccir U^Ht bdLUqdir;))) 

(ntJi 3 Icaj h^undarj')) 

(nth 3 Itir boundary))))) 

;; iBWbrd/emvard distinction not r^ip^i^^vd. 
(dfttun oriflntatlan-oi-polntft Ut^rt-x start-y *nd-x- end-jj 
(^ond (i- eM'i; «ti»E-t-x} 
0) 
(t 
(l4t ((oriBntAtiQn (rlo^r -(-^ 900 

<// C* IKK) lataii (- &nd*y Btart-yJ 

[- Md-x Btbrt-K))) 
pi)H)» 
TcutihI f(>* orientation SOA) 
(- oriipt^tlflr 3000)1 
<t 
jsriheiLtAt^csn))]))} 

;, A q4i^h CBtLmat«^ liap^ftilly j^^r tco froKa 

Idvfuii dtviBti.o!i-ci[-tMji*ttioii tfitixt-E attrt'j tnd-x end-y) 

^-^ 

[<?ri vn tftt luii - di atojice 

:. flrlBptntJOft of filler line 

<i7rieiitBtion-oJ-pciLiLtB nthrt-T »tBrt-i' *iid-M frfn]-jj 
.. right ari«Tit4T-lQn for nldpnlnt oi filler Lin* 
(Bct-eRtlnBt^d-arififitttiDT^ 
l^l&Dr i* tttart->; vnd-T) 3) 
lllflfli- (* otirt-y end-y) 3))J 
f ^r 1 enlat i on ^ dl bI&jic « 

.. orttJitnuon of filler lin# 

(onentation-oi-p&intii ^tart-x etart-y end'jr <nd~l) 
'r\ rijtit 4rl«TitatiDn for ane end af filler line 
1 E" t ~ ^^^ laat cd - orieTit q 1 1 on 
fltart-K *taj-t-y])> 
Z)) 

(deftij^ 1 ^ngth- 0-1 -cannec tier (Btart'ih: itart-y and-i cM-)) 
IcPLling iaqrt (* itr^t f- Htart-^: end-zi) 7) 

1ej[pt (' Atqrt-/ ehd-yl 2))>)) 
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.. returiiB a li*t at points fror^ fltsrt-s:. ttirt-y to p nd ■ k . sJid -y 
fd*liifi Jioncitdt-by-linfl CetirT.-:^ atart-y «nd-T (Fid-y> 
[let (|dfllti-K Iflba (- erd-x Btart-ifPJ] 
IdeltA-j <abB (- cJid-y atfirt-j>|l 
Jsipi-K (tapd <[> eiid-K BVftrt.-K> l) 

(t Ml)) 
Isifin-y UMd It? erd-y iLart-y) iJ 

( orient* t J on- of - f i LIb r - p^ 1 lit* 

<&rieiitatiqn-[Tr-p<>intE ntart-K tttrt-J *fld-X end-yH 
[reiUUllPt nil)) 
(do (IprEvlouE-K tfttrt-Kj 
[prevlcma-^ Etart-yl) 
(liiid <-^- labft (- prflTiouE-X ?tiEj'*r)) 1) 

<<■ (ibE (- pftvaouB-y end-y)) ])J) :. 1 e ■djKC«fit 
Icond ([' (fthfl l" previc]T3K-y flft4-^)] 
(abs f - pr*viciua-T end-yH) 

(aetq prftviflUP-^ <■* aiftn-x prB7iqUP-xH 
(Bctq previo!iB-y (■* »iRn-y praTio!iB-y>)) 
([> {aba [- DrpvLDUK-y end-xj) ,. morn i polntB to bote 
fabs C- previouB-y ffiid-*/)!) 
fcotid Uand <> Iflba (- prevLOUB-y flina-j)) 0) 

(^^ fd daltft^X r^ba (- prETio^s-y vnd^y))] 
(* daltn-T l^ba (* preiloua-K end-x)))J) 
(a*tq prtviouB-x <■* *Ljn-K prenouB-xH 
£B«t4 pr*viQUfl-y (^ sign-j prrviDUB-y))) 
(t 
fnrtq previQUfl-x <■* alSFi-i^ prEViouB-K>]))) 
it ; . Dore y points t& nwe 
tcond Hflfld (1 UbB (- preTiout-y Md^s)) 0) 

f>" (* dtlta'^ LabB <- prB^iLjqp-^ cnd-x))) 
■ i^ dfllta-K (^ba J- prcTLOiLB-y Bnd-^))?)) 

(BBtq pr«vSOi**-:< H aign-x pr^V i<aii(i'xl ) 
TftEtq previanB-j (-f Hg^-y preriDHB-y^H 
(t 
{fli-tq previQiaB-j 1-^ HgfL-y previouB-j)))))) 

(pui* aiBt 'FAKE 

(orl ant Ation - distanc vr 
orient* t ion - of -I iller- poihtt 

{gBt-efitimKtvd-prli^rLtAtian previ&nB'X praTiou-y]J 
proviatif-i: prflrloua-y) rts^ltlift}) 
fnrrVffra* raaultllst))! 
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Miking ^usft'stions 



n\ Tills IS th» rl^hL mn^ to Efai.Jt a [^cnttr locLl^^en 

n Tht flutitr»4:tli?n ol nu^be r*ef -4xpi ns idub 1a tfl c onp^iiAq tt far m 

ri iippAriint movEJitat d1 inEig^E created n^ltdowTi TTIiih carrectlon 
, H IE not n«^q<| lur delta "a ] 

^: Tht ♦/' ^ iactor la flChCac fllippaftc ior movpient ^f boiuidarifla m 
i anoothui^ 

(del LIS gn t * points - a t - ntjrt ' i^ a 1« - i cnr - p&i Ji L 

(x J" nuir.be J ' or ■ «jcpa n E 1 oiiB eirpai^s i p-n- J a c t^r) 

(let (CrctomLiBt nil]) 

tin (Cneif-y {Tltit^r £♦ e}]>UAiH^h- factor J- (- j niuber - of - ^^ule i onB> 1))) 
(1+ neif-y))) 

f^;tili.nB (*■ expuajgn-factor 1+ (- y nuabe r - ol ■ c :^a fib i one ) 3))J)J 
Mft (Cnetf-x (flaor (t vxpanflidn- J*^ tor (- (- k cmstmr-oi-expAtipLoriB) 2)il 
<1* n«tf-x)|J 
f<> new-j: 

[calling (' e^^ns^QTL-ra-ttor (+ (- x nuaber-ol-eyptFifiioraJ 5]))H 
Cpttili iLlBt neu-x ne^-yl retnruli e t > > | 
r^tuxTiliBtl) 

Hi Tifcee a delta^!^ dalti-p pair tuA |-vlarns another 

fdefuzL fiel-Jclta-it-neKt-fl^iilE-Ior-delta 1deX^4-K delts-y e^fttiaion-f actdx-> 

Uvt (CretojnLiflt jii]]) 

[do tlhtif-y (floor i^ t^nTivji?n- factor (' flalta-F 2|)) 

(i> n^w-j- [cffilmg (t^ eip*?;B ion -factor [+ dvttK-j a)>))t 
(do (Inotf-x Ifloflr (- txpansion-ifactdr £- deltA-x 3))) 

((> new-K [eeUing f' ■ xpuan on - T ^ ^ tor (+ delt^-K aJ))JJ 
(pnah Clltt n#ff-x nev-yt r*tlimli&tj)) 
r4tamLiBtJ) 

(defiui gJTt-iiuiibtr-of 'e:tfpaiLtiqn» (e^mBi on ' ifpount expsnfl 3 ojq - f a c tor) 
Ido (Icount (!♦■ count])) 

(£<• •iqsanBion-aBCttJLt ^^ 1 ( Bqrt «:cpii n ■ 1 on-i ac t ar ) J > 

count? 

(a^tq »puiBi.oiL-UDnnC 1// txpusi on- 4.[iChiuit expuBion-f actor)))) 
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rtfiiEjR 1b ^i thff form <*val iiati cm iflFLtflr-:^ ccfit^r-J bt-undary^ 
tdftfiui ttahe-EugftEfttlorL--lrcin-ri]Ei^^ fregicm e Kp^Jifl i on - 41 oiuit F>;pBnfficn3-f act&r^ 
<l»t ( ( riew - bound ary ■ po I nt a ml)) 

(doliEt (bn^iftdary -point Inth 5 T-egionJ) 
f*tLq Tie w - boujidi r/ ■ pci inta 

(apptft^i 1(et-iifllV4'aT.-ii<:p:t-acil*"for-dflltfl 
(nLh 3 boandiiTyp*ltt) ., X 
Cnth 3 toi^n^ary-pointl . V 
DxpuiB ion -an r^iMi^ ) 
new -bouFiJ a ry - po 1 nt B ) J J 
(Umt I Mt -po 1 nt • ■ tt -next - ac 1 1 F ' I ar ■ pointi 
(nth 1 r«£i9Fi) 
[ntll ^ region) 
igfft-miff.li?r*&f-eKpftiiai&zia a >:p4nfrl PTi - anount fl^ptnaLoa-l actor) 

t=cpMLa lon-amooji 1 1 

ne n- boand*r J ' pointE ) 1 1 
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